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Abstract

We classify all line spreads Sa1 in PG(5, 2) of a special kind, namely
those which are book spreads. We show that up to isomorphism there
are precisely nine different kinds of book spreads and describe the
automorphism groups which stabilize them. Most of the main results
are obtained in two independent ways, namely theoretically by the first
author, and by computer (without using anything of the theoretical
proofs) by the other authors. We also discuss the importance of book
spreads among all other spreads.
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1 Introduction

A line spread in the projective space PG(5, q) consists of a set of ¢* 4 ¢? +
1 lines which partition the points of the space. The task of classifying
all line spreads in PG(5,¢) is an extremely formidable one, and certainly
requires computer help even for low values of g. Line spreads in PG(5, 2) were
considered in [13], where, with computer assistance, 131044 inequivalent
spreads were found. Most of these spreads have very little symmetry and
presumably their properties do not warrant further consideration. Indeed,
see [13, Table I], as many as 128474 different kinds of line spreads in PG(5, 2)
have trivial automorphism group!

In some unpublished research in 2004 one of us, R.Shaw, considered
line spreads in PG(5,2) of a special kind, which he termed book spreads, as



defined in Section 1.1 below. In this 2004 work book spreads were classifyied
into nine different kinds, and in the present paper we set out the main details
of this classification, as summarized in the table (5.1) in Section 5.

We claim that book spreads are some of the most interesting kinds of
spreads for the following reasons:

e They have rich automorphism groups because their lines partition not
only the whole projective space, but also subspaces covering it. In
PG(5,2) there are no other spreads which partition at least five 3-
dimensional subspaces, book spreads account for 9 of the 26 orbits of
line spreads having an automorphism group of order > 36, and for 8 of
the 16 orbits of line spreads having an automorphism group of order
> 72

e The structure of book spreads makes them interesting for various con-
structions based on spreads. In particular in [13] spreads in PG(5,2)
were used to obtain affine 2-(64,16,5) designs by Rahilly’s construction
[15]. The aim was to find 2-(64,16,5) designs with the smallest possible
2-rank and thus look for new counter examples to Hamada’s conjecture
[6] (see also [7], [14]). Only two minimal rank designs were found [13,
Table III] and they were both constructed from book spreads, namely
from those corresponding to Py and Ps in Table 5.1 below. Further the
orbits of book spreads might be used for the construction and study
of parallelisms of book spreads.

e For higher parameters, for which computer classification is not pos-
sible, only spreads with certain additional properties can feasibly be
considered, and thus bookspreads are a suitable type of spreads to
study. In particular we expect that the PG(5,2) results in the present
paper will be of use in some future work where we intend to investigate
certain kinds of book spreads in PG(7,2), see Remark 1.1(i) below.

Spreads in projective spaces have been widely studied in the last sev-
eral decades and quite many constructions of spreads have been found [12].
Classification results are known for spreads in PG(3,q) with certain au-
tomorphisms [9], [10], [11], for maximal partial spreads in PG(3,2) [17],
PG(3,3)[17], PG(3,4) [17], [18], and PG(4,2) [5], for spreads in PG(5,2)
[13], and for maximal partial spreads of size 45 in PG(3,7) [2].

While working over GF(2) we will identify the nonzero elements of a
vector space V(n+1,2) = V41 with the points of the associated projective
space PV, 11 = PG(n, 2). Consequently we identify GL(V,,4+1) = GL(n+1,2)
with the group PGL(n + 1, 2) of collineations of PG(n,2). We use (u,v,...)
for the flat (projective subspace) generated by projective points u,v, ... .



1.1 Books, quatrain books and book spreads in PG(5, 2)

Given a line p in PG(5,2) = PV, let B = {01, 09,03,04,05} be a set of five
solids (3-flats) o; in PG(5,2) such that each 3-flat o; contains p and such
that each of the 60 points in the complement u¢ := PG(5,2)\u of p lies in
one (and only one) of the five solids of B. We will call B a book of solids
with spine p, and we will to the elements o1, 09, 03,04, 05 of B as the pages
of the book B. In vector space terms, with 4 = PV, and o; = IP’VZL(Z), the

five 2-dimensional quotient spaces ‘72(i) = V;l(i) /Va thus form a spread for
the 4-dimensional quotient space Vj := Vg /Va.

If Sf) is a partial spread of four lines in o; such that £ := {u} U Sf)
constitutes a line spread for o; then let us call such a Sil) a quatrain QM for
the page ;. Suppose that in each of the five pages of the book B we ‘write’,
i.e. choose, a quatrain Q. Thus equipped, we refer to B as a quatrain book,
or a Qbook, and denote it by °B. Each quatrain book °B thus determines a
line spread Sz1 = Sa1(°B) for PG(5,2), whose elements consist of the lines
of the five quatrains together with the spine of B:

Sy ={u}uWuUQPuUQ®uQWuQ®). (1.1)

Line spreads for PG(5,2) of this kind will be referred to as book spreads.

In PG(5,2) there are 651 choices for the spine p of a book B, and there
are 56 choices for the set B of five solids o; through u. (For, see Section 1.2.2,
there are 56 spreads in the projective 3-space P(V5/V2).) Consequently in
PG(5,2) there exist 651 x 56 = 36,456 = 23.3.72.31 books. Now the spine
u belongs to eight distinct spreads in each o;, so there are eight choices of
quatrain for each of the five pages of the 36,456 books. Hence in PG(5,2)
there exist 36,456 x 8% = 1,194, 590, 208 = 2'8.3.72.31 quatrain books.

Remark 1.1 (i) In the present paper we confine our attention solely to
book spreads in PG(5,2). Of course there could well be some interest in
investigating book spreads in PG(5,q) for ¢ > 2, a book here containing ¢>+1
pages, each page a 3-flat in PG(5,q). However such an investigation would
surely be much more difficult than the present one, for the following two
reasons. Firstly we would have to contend with the greater number of pages.
Secondly in each PG(3,q) page we would need to consider, for ¢ > 2, more
than one kind of line spread, see [8, Section 17.1]; in contrast, as explained
in detail in Section 1.2.2 below, in PG(3,2) there exists just one kind of
spread. Higher dimensional generalizations may also be worth considering.
For example in PG(7,q) one could consider line spreads contained in books
consisting of ¢*> + 1 pages of 5-flats sharing a common 3-flat as spine.

(ii) Concerning higher dimensional generalizations, these could also in-
volve plane spreads rather than line spreads. Thus in PG(8,q) one could
consider plane spreads contained in books consisting of ¢ + 1 pages of 5-
flats sharing a common plane as spine. Concerning this last generalization,



again the ¢ = 2 case stands out: for in each of the nine PG(5,2) pages of the
PG(8,2) book we need to choose a spread of nine planes (one plane being the
spine), and in PG(5,2) there exists only one kind of spread of nine planes:
see [16, Theorem 4.1].

1.2 Useful background material
1.2.1 Normal spreads in (3) PG(3,2) and in (%) PG(5,2)

(1) In GL(Vy) = GL(4,2) the elements belonging to class 3A, see [1, page
[22]], are of particular relevance to our present concerns. For if W € GL(4, 2)
is in class 3A then it satisfies W2 + W + I = 0, acts fixed-point-free upon
PG(3,2) = PVy, and generates a Zs-subgroup Z := (W) of GL(4,2) whose
orbits in PG(3,2) form a spread S; of five lines; see for example [4, Table 3.
By interpreting 2 := {0, I, W, W?2} as the Galois field GF(4) = {0, 1, w,w?}
we may view V3 = V(4,2) as V(2,4), and the spread S is then seen as a
GF(2) manifestation of the 5-point projective line PG(1,4) = P(V(2,4)).
So, if G(S5) < GL(4,2) denotes the stabilizer of the spread Ss, then

G(Ss5) 2 TL(2,4) = (Alt(5) x Z3).Z,  and so |G(S5)| = 360.  (1.2)

The only elements of GL(4,2) which fix every line of S5 are I, W and W2,
and so we will refer to the subgroup Z(Ss) := (W) as the distinguished Z3-
subgroup of G(Ss5). Note that those elements of G(S5) which centralize (W)
form a subgroup H(Ss) of index 2 in G(Ss) :

H(S5) =2 GL(2,4) = Alt(5) x Zs, and so |H(Ss)| = 180. (1.3)
Further H(Ss) contains a normal subgroup H;(Ss) of order 60:

H1(S5) = SL(2,4) = Alt(5). (1.4)

(i7) If an element W € GL(Vs) = GL(6,2) belongs to class 3A, then,
see [4, Table 5a], it satisfies W2 + W + I = 0, acts fixed-point-free upon
PG(5,2) = PV and generates a Zs-subgroup Z := (W) of GL(6,2) whose
orbits in PG(5,2) form a spread Sa; of twenty-one lines. By interpreting
A := {0,I,W,W?} as the Galois field GF(4) = {0,1,w,w?} we may view
Ve = V(6,2) as V(3,4), and the spread Sa; is then seen as a GF(2) mani-
festation of the 21-point Desarguesian plane PG(2,4) = P(V (3,4)). Conse-
quently, if G(S21) < GL(6,2) denotes the stabilizer of the spread So;, then

G(So1) = T'L(3,4) = GL(3,4).2, and so |G(Sa1)| = 362,880 = 27.3.5.7.
(1.5)
We will refer to the subgroup Z(S21) := (W) as the distinguished Z3-
subgroup of G(Sa1).



The normal, or Desarquesian, spreads Sg1 in PG(5, 2) which we have just
constructed are thus in bijective correspondence with those Zs-subgroups of
GL(6, 2) which are generated by an element W € GL(6, 2) of class 3A. Since,
see [4, Table 5], |class 3A| = 111,104 it follows that the number N of normal
line spreads Sa;1 in PG(5,2) is % x 111,104 = 55,552. As a check, we have

N — |GL6.2)] _ 21534 5.72.31
|G(Sa1)| 0 273457

=28.7.31 = 55,552. v (1.6)

Remark 1.2 Through a given point m of PG(2,4) there pass five lines,
each line containing four further points. In GF(2) language the point m
is the spine u of a book B whose five PG(3,2) pages arise from the five
PG(1,4) lines. Moreover the four points other than m on a PG(1,4) line
equip each PG(3,2) page with a quatrain, and so we have a quatrain book 9B,
Consequently a normal spread in PG(5,2) is an example of a book spread.
Observe that such a book spread Ss1 has a highly unusual feature, namely
that it may be viewed as a quatrain book °B in 21 different ways, since any
of its lines may serve as the spine. Consequently the order of the stabilizer
G(°B) of such a quatrain book is

IG(°B)| = |G(S21)|/21 = 27.3%.5 = 17,280. (1.7)

Of course these normal spreads account for just one of the 131044 differ-
ent kinds of PG(5,2) line spreads in the classification [13]. Incidentally the
order 362880 of their stabilizer group dwarfs the size, namely 5760 (see [13,
Table I]) of the second largest stabilizer group.

In contrast, the Desarguesian spreads S5 in PG(3,2), described in (i)
above, account for all the PG(3, 2) line spreads. This fact is well known, but
we will spell it out in more detail in the next section.

1.2.2 Our standard spread ¥ in PG(3,2)

Given any two skew lines k1 = {a1, b1, c1} and ke = {ag, b2, c2} in PG(3,2) =
PV4 we may define two elements W, W’ € GL(V4) = GL(4,2) by requiring
them to cyclically permute the points of k1 and kg in the manner:

W : (alblcl)(angCQ), W’ : (alblcl)(aQCng). (1.8)

Both W and W’ are of class 3A, see [1, page [22]], [4, Table 3], and the
two Zs-subgroups Z := (W) and 2’ := (W’') of GL(V}) are the only Zs-
subgroups having a class 3A generator which fix both of the skew lines k4
and ky. The Z orbits in PG(3,2) form a spread S5 := {k1, k2, K3, K4, K5 }
and the Z’ orbits form a spread Sf := {k1, k2, K, K, ki }. Here {ks3, k4, K5}
and {xj, k), Kk} are a pair of opposite reguli which cover the nine points
in PG(3,2) external to k1 U k2. No other lines can be formed from these



nine points, and so it follows that every spread in PG(3,2) is of the normal
kind constructed in Section 1.2.1(i). Now in PG(3,2) there exist 35 lines
and (35 x 16)/2 = 280 skew pairs of lines. Since each skew pair {1, K2}
lies inside 2 spreads Ss, S and since each S5 contains 10 skew pairs, the
total number of line spreads in PG(3,2) is (280 x 2)/10 = 56. (As a check:
| GL(4,2)|/|G(S)| = 20160/360 = 56.)

For our later convenience it will prove useful to have to hand a standard
example of a line spread in PG(3,2). To this end, choose a subgroup (A) =
Z15 of GL(4, 2) generated by a Singer element A € GL(4, 2), see for example
[4, Table 3]. Without loss of generality we may suppose that A satisfies
A* = A+ 1. If we set B:= A% and W := A'0 we then have

BW = A=WB, BS=1, W3=1, AP =I. (1.9)

Let Z* = {a1,a2,a3,a4,as}, where a;11 = B'a;, be any one of the three
orbits of (B) = Zs upon PG(3,2) = P(Vy). Upon defining b; = Wa; and
c¢; = W2a; the other two Zs-orbits are then Z? = {by, by, b3, by, b5} and Z¢ =
{e1, co,c3, ¢4, c5}, where b;1 1 = By and ¢;41 = B'cy. Since W2+W +1 = 0,
observe that

¥ i ={K1, oy K5}y where r; = {a;, b, ¢}, (1.10)

is a spread for PG(3,2) which has (W) as its distinguished Zs-subgroup
Z(X). Note that B, W and A = BW have the effect

B: a;~—apy1, bi—bit1, ¢ cit1,
W a;+— b — c; — aj,
A: o a; by — Ciya — aig3 — bigg — i — ..., (1.11)

where the index ¢ labelling the five elements of a Zs-orbit runs through the
five values 1,2, 3,4,5 (mod 5). Using A* = A+ I we see that under the action
of the subgroup (B) = Zs the 35 lines of PG(3,2) form seven Zs-orbits, one
of which is the spread ¥ in (1.10), and the other six are given by the following
six kinds of linear relations:

a; + @41 = biys; by +biy1 = Civ3; Gt Cipl = Q435
a; +ciy1 = aiy2;  bi+aip1 =biyo; ¢+ biy1 = ciyo. (1.12)

We will adopt ¥ as in (1.10) as our standard spread in PG(3,2). Its
stabilizer G(X) = T'L(2,4) = (Alt(5) x Z3).Z2, see (1.2), has order 360 and
contains the normal subgroup H(X) = GL(2,4) = Alt(5) x Z3, see (1.3), of
order 180, which consists of those elements of G(3) which centralize (W);
further the group H(X) contains the normal subgroup H;(¥) = SL(2,4) =
Alt(5), see (1.4), of order 60. Since W fixes each line of ¥, the elements
of G(X) are in a 3 : 1 correspondence with the 5! = 120 permutations of



the five lines ¥ = {ki, ..., K5}, the three elements of any coset of Z(X) in
G(X) effecting the same permutation of ¥. And the elements of H;(X) are
in bijective correspondence with the 60 even permutations of X.

We now give examples of particular elements of G(3) which enter into
some of of our later concerns, and especially those of Section 5.2.
(i) By use of the relations (1.12) we see that there exists an involution
L2345y € GL(4,2) which keeps the line x; pointwise fixed and effects the
following permutations of the points of the other four lines:

L(23)(45) : (agbg) (bgCg) (CQQ3)(CL4C5) (b4a5) (C4b5). (1.13)

Each of the three elements L (23)45), W L(23)(45) and WQL(Q?’)(45) thus effects
the even permutation (k1)(k2k3)(kars) of X. So all three elements belong
to H(X) = Alt(5) x Zs; however, since W L (23)45) and W2L(23)(45) are of
order 6, only L(23)(45) is an element of H;(X) = Alt(5). It follows that the
involution L12)(45) : BZL(23)(45)B_2 € GL(4,2) given by

L(12)(45) . (alcg)(blag) (Clbg) (a4b5) (b4C5) (C4CL5) (114)

is also an element of H;(X), namely that which effects the permutation
(k1k2)(k3)(kaks) of the lines of the spread X.
(’Z’L) The pI'OdUCt T(132) = L(23)(45)L(12)(45), with effect

T(132) . (a1a302) <b1b3a2) (01631)2) (CL4C4b4> (CL5b5C5), (1.15)

is in consequence that element of Hp(X) which effects the permutation
(k1k3k2)(k4)(ks5) of X.
(i4) The involution N(y9) € GL(4,2) which effects the permutations

Nqg) : (a1c2)(bibz)(c1az2)(as)(bscs)(ca)(aaba)(as)(bscs). (1.16)

is an element of G(X) which effects the odd permutation (k1k2)(k3)(k4)(K5)
of the lines of the spread X. It follows that N(;3), W N(;2) and WZN(lg) are
elements of G(X)\H(X). Similar assertions apply in the case of the involution
N(13) = T(132)N(12)T(I§2) (: N(IZ)T(l?)Z)) € Q(Z) with effect

Nas) : (a1a3)(bics)(ci1bs)(azbz)(c2)(asca)(ba)(ascs)(bs). (1.17)

By taking conjugates of N(j5) and N(j3)y by powers of B we obtain al-
together ten involutions N, 1 < 7 < j < 5, such as the involution
Nys) = B*2N(12)B2, which effects the permutations

Ns) : (a1)(b1c1)(azbz)(c2)(a3)(bscs)(ascs ) (babs) (caas). (1.18)

These ten involutions generate a subgroup Gi(X) of G(X) isomorphic to
Sym(5) :
G1(2) == (Ngj), 1 <i < j < 5) = Sym(5). (1.19)



Remark 1.3 The elements of G1(X) are thus in bijective correspondence
with the 5! permutations of the five lines ¥ = {k1, ..., k5}. It should be further
noted that G(X) contains two other Sym(5) subgroups, namely WGy (3)W 1
and W2G1 (X)W =2, all three Sym(5) subgroups being of index 3 in G(X) and
sharing the common normal subgroup H1(X) = Alt(5). In particular, upon
defining ten further involutions K by

Kijy = WNNuj), 1<1<7<5, (1.20)

we see that WG (X)W = (K(;j),1 <i < j < 5) = Sym(5).

2 The book B

We consider a book B = {01, 09,03,04,05} in PG(5,2) = PV with spine
w="PVy = {u,v,w}, u+v+w =0, and pages o; = ]P’V4(Z). Let us choose
a direct sum decomposition Vg = V4 & Va; so projectively we choose a solid

o = PV, which is skew to u. Observe that the book B equips o with a spread
Y :={K1, ..., k5}, where k; = 0 N o;. (2.1)

Expressing ¥ in our standard form, with x; = {a;, b;, ¢;} as in section 1.2.2,
then we have our standard book B:

B = {01,02,03,04,05}, where g; = (ai,bi,u,v). (2.2)

Let @ denote the canonical projection Vg — V4 := Vg/Va, which maps
x € Vg to wx =T :=x + Va € Vg/Va. Then the spread X for o gives rise to
a spread Y in PVy, namely

i == {K‘lv K2, R3, K4, ’i5}7 where Ez - {6727 Fi7 07} = {wa‘ia Wbia wci}-
(2.3)
The distinguished Z3-subgroup Z(X) < GL(V4) of the spread X, see section
1.2.1(i), is thus

Z(%) = (W), where W is that element of GL(V) with effect:
W: a;—b—c(—a), i=1,273475. (2.4)

2.1 Quatrains for our standard book B in PG(5,2)

Since each line in PG(3,2) belongs to eight distinct spreads, there is a choice
of eight possible quatrains le), Qg), ,Qg) for each page o; of our book
B. In displaying these quatrains it helps to adopt abbreviations of the kind
® a;i+u  bi+w c+v
— a; bi+u c;+u . (2.5)
a;+w b; c;t+w
a;+v  bi4v Ci

e g2 o
< og 8
o8 2 <



For the page o; = (a;, b, u,v), four of the quatrains are Qgi), Qgi), :(;‘)7 ff),

as given by the respective four arrays

0 0 (0 (0

0O 0 O U w v w v u vou W
u vow , 0 u©v wu 7 0 w w 7 0 v w . (2.6)
vow U w 0 w v 0 w u 0 wu
w o u v v v 0 u u 0 w w 0

the four lines of a quatrain being given by adding (a;, b;, ¢;) to each row of
the array. The remaining four quatrains Qg), ((;)’ le), Qg) are then those
given by the respective four arrays

(@) (@) (@) (@)

0O 0 O U vw vow U w o u v
U w v 0 v u 0 v w 0 w w
w v U lv 0 v "lw 0 w "lu 0 wu - (27)
vou w w w 0 u u 0 v v 0

If Jyw) € GL(6,2) denotes that involution which fixes each point a;, b;, ¢;
of o = PV, and which interchanges the points v, w € u, then observe that

Jow) effects the interchanges (Q1”Q%)(QY Q) QY QM) (@Y Q).
(2.8)

2.2 Harmony considerations and quatrain books

In the display in (2.6), (2.7) of the eight quatrains Q%) := {Q&i)}lggg for
the page o;, we have ordered the points of each row so that a;, b;, ¢; appear
in the respective columns 1,2,3. Thus if (z;,y;, 2;) is any row of the quatrain
Qﬁi), then, see before Equation (2.3), we have @; = a;, ¥; = b;, %z = G.
Consequently the distinguished Zz-subgroup Z (Z,(f)) (see section 1.2.1(i))
for the spread 0 = { ,LL}UQ@ is generated by that element wof GL(VAfi))
which effects the cyclic permutation (z;y;z;) in each row (z;, y;, ;).

Lemma 2.1 Ifr € {1,2,3,4} then, for each i € {1,2,3,4,5}, W,@ effects
the permutation (uvw) in the spine p, while if r € {5,6,7,8} then W
effects the permutation (uwv) in the spine p.

Proof. This is quickly verified. For example, consider the quatrain Qél)
in (2.7): then that element of GL(V4(Z)) which effects a;+u — bj+v — ¢;+w,
and a;— b;+u +— ¢;+u is seen to effect u +— w +— v, a;+v — b;— ¢;+v and
a;i+w— bit+wr—c. A 4

Consequently the set of forty quatrains Q := {Q,(f)}lgigg)’ 1<r<s = U, [o}0)
for the book B has the natural 20 + 20 splitting

Q=09,UQ = {Qﬁ)}ie{l,Z,SA,S} U {Qg)}i€{1,2,3,4,5}7 (2.9)

9



where Q@ = {Qg)}re{m,&“ are the four quatrains (2.6) and ot
{Q,(f)}re{g,,&m} are the four quatrains (2.7). We will say that the twenty

quatrains of the set Q. := {Q@}lgiga 1<r<4 are in harmony with each
other, as are the twenty quatrains of the set Q_ := {Qq(f)}lgiga 5<r<8;

Remark 2.2 Let ,ngg denote the set of sizteen lines of the page o; which are
skew to the spine . In the 4+4 splitting Q) = Q(Z) U Q(Z), see (2.6), (2.7),
of the eight quatrains for the page O'Z, each line A € ['56) appears in precisely

two quatrains, one a member of Q+ and one a member of Q> D This ties
in with the fact, see Section 1.2.2, that the skew pair of lines {\,u} lies
in two spreads in PG(3,2) whose distinguished Zs-subgroups act differently
upon the two lines.

By using harmony considerations we may classify full Qbooks 5B into
three broad harmony types:
T (5,0): all five quatrains of °B are in harmony;
T (4,1): precisely four quatrains of B are in harmony;
7 (3,2): the quatrains of °B split (3,2) or (2,3) between the sets Q,, Q_.
Furthermore, since the involution Ji,,, effects the interchange Q= Q_,
then without loss of generality we may restrict our attention to Qbooks °B
such that at least three of its quatrains belong to Q4. Moreover all permu-
tations of the five lines #; are effected by the subgroup Gi(3) & Sym(5) of
G(X) = (Alt(5) x Z3).Za, see (1.19), and so we may restrict attention to
those Qbooks °B for which the quatrains in its first three pages o1,09 and
o3 all belong to Q..

3 Aspects of the groups G(B), Go(B) and G\(°B)

3.1 The groups G(B), Go(B)

When dealing with group theory aspects of our standard book B we will
adopt the decomposition Vg = V4 @& Vo of Section 2, with y = PV, and
with o = PV} equipped with our standard spread ¥ = {k1, ..., K5}, K; =
{a;,bi,c;}. If G(B) < GL(6,2) denotes the stabilizer of B then a general
element A € G(B) has the block form

A= <f)1(fl ,22> , A1€G(X)=TL(2,4), Ay € GL(V,) = Sym(3), (3.1)

where X is an arbitrary 2 x 4 block. Consequently

G(B)=2%: (T'L(2,4) x GL(2,2)),  and so |G(B)| = 2"2.3%.5 = 552, 960.
(3.2)
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It follows that the number of books in PG(5,2) is | GL(6,2)|/|G(B)| =
36,456, in agreement with the number found more directly in Section 1.1.
Those elements A in (3.1) such that A4 = I4 and As = I3 form a subgroup
Gas6 of G(B) whose non-identity elements are transvections, and so, since we
work over GF(2), are involutions: Gasg = (Z2)%.

In terms of the direct sum decomposition Vg = V3@ Vs, we now denote by
By, Wy the elements of G(X), of respective orders 5, 3, previously denoted
B, W in Equations (1.9), (1.11). In particular (Wy) is the distinguished
Zs-subgroup Z(X) of the spread X. Also we denote by W3 the element of
order 3 in GL(V3) with effect

Wy: ur—ve—w (—u). (3.3)

Let Go(B) denote the subgroup of G(B) which consists of those elements
which fix each page of the book B. Now if A in (3.1) fixes each page then
A4 must belong to the Zs-subgroup (Wy4) = Z(X). Consequently

Go(B) = 2%: (Z3 x GL(2,2)),  and so |Go(B)| = 2°.3% = 4608.  (3.4)
We now define elements W, W*, B € GL(6, 2), of respective orders 3,3, 5, by
W=WydWy, W =W, (Wy) !, B=Bya L. (3.5)

Lemma 3.1 (i) Both W and W* are elements of Go(B), their effects on the
eight quatrains {Qﬁf)}lggg for the page o; being as follows:

W QW is fired for r =1,5,6,7,8 and QY — QY — Q¥ — Q%
W*: QW is fived forr =1,2,3,4,5 and Q) — Q) > Q) 1> QF.

r

(ii) B is an element of G(B) which effects the permutation (0102030405)
of the pages of B, and which effects the permutations (Qg)Q$~2)Q$~3)Q$~4)Q£«5)),
1 <r <8, of the 40 quatrains.

Proof. Immediate, from (2.6), (2.7). m

3.2 Some subgroups of Gy(B)
3.2.1 Some elementary abelian subgroups

Since {a;, b;,a;t1,bi+1,u,v} is, for each i € {1,2,3,4,5} (modb5), a basis
for Vs, we may define involutions J;, J!, J!" € GL(6,2) by requiring each of
Ji, JI, J!" to keep pointwise fixed the page o; = (a;, b;, u,v) and to further
satisfy

Ji: CLZ'+]_<:> Qi1 + u, bi+1<:> bi+1 + v, and hence Ci+1<:> Cit1 + w,
JI:

i

g

i

a1 ;4 q + v, b 1= by +w, and hence ¢; 1172 ¢; 11 +u,

a1 a;p1 +w, b= b +u, and hence ¢ 172 ¢y +v. (3.6)

11



The involutions J;, J/, J!" € Go(B) since, from the relations (1.12), they also
preserve the other pages g;_1,0;—2, and g;+3. In particular J; effects

a;i—1=ai—1 +u, b, 1=b;, 1 +v, ci1=ci1+w,
Gi—o=ai—2+w, b, o2 b,_o+u, ci2=ci_o+,

Qit2 =02 + W, b 0T biyo+ U, CjoT g+ 0. (3.7)

Noting that J/'=J;J], observe that we have five groups Afli), each isomorphic
to (Z9)2:
AD = {1, 05, T T 22 (Z)%, i =1,2,3,4,5. (3.8)
By conjugation with the involution J,,), see Equation (2.8), we may
define a further set of fifteen involutions K;, K, K/, i € {1,2,3,4,5}, and a
further five groups Cf) = {I,K;,K!,KI'} & (Z)*

7

CE = T A Ty = {1, Ko, K, KV} 2 (Z0)2, i=1,2,3,4,5. (3.9)

K; = J(vw)JiJ(vw)7 Kz/ = J(vw)Jz{J(vw)v K = J(vw)Ji”J(vw)a

So K;, K!, K! keep pointwise fixed the page o; and their action upon the
other pages is given by interchanging v and w in (3.6), (3.7). Observe that

the involutions J;, J/, J/' are conjugates of each other by elements of the

group (W*), and the involutions K;, K/, K" are conjugates of each other by
elements of the group (W):

W*L(W* ™ = J, WrJl(W*)~t = J!,
WKW = K/, WKW =K/ (3.10)

The next lemma summarizes some relevant properties of the involutions
and 2-groups just defined in Equations (3.6) - (3.9).

Lemma 3.2 (i) The fifteen involutions J;, J/, J!', i € {1,2,3,4,5}, are the
non-identity elements of an elementary abelian subgroup Aig = (Z2)* of
Go(B), and the fifteen involutions K;, K|, K!', i € {1,2,3,4,5}, are the non-
identity elements of a subgroup Cig = (K1, K, Ko, Kb) = (Z3)* of Go(B).
Indeed for any i # j we have

A= AP x A cg=c <. (3.11)
Moreover the subgroup Gase := A1 x C16 < Go(B) consists of those 28 ele-
ments A in (8.1) such that Ay = Iy and Ay = Is.

(ii) Each of the quatrains Q € Q4 = {Q&i)}lgiga 1<r<4 15 stabilized by
A1g and each of the quatrains Q € Q_ = {Q&")}lgiﬁ s<r<g is stabilized by
Ci6; moreover, for each i € {1,2,3,4,5}, Aig acts transitively on the four
quatrains Q@ for the page o;, and Cig acts transitively on the four quatrains

QSE) for the page o;.
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(iii) The subgroups .AEf) and Cii) leave every point of the page o; fized.

Moreover for j # i the subgroup Afli) acts transitively on the four quatrains

Q(,j) for the page oj, and the subgroup Cii) acts transitively on the four
quatrains Q for the page o;.
(iv) For gwen 1 75 j the group Aig acts transitively on the sixteen pairs

of quatrains {QT ,Qs }5<r s<8, and Ci6 acts transitively on the sixteen pairs

of quatrains {Qr ,Qs }1§7~,s§4-

Proof. A somewhat lengthy, but straightforward, verification. Concern-
ing (3.11) we may verify relations such as J;Jo = Jj. Concerning (iv), this
follows from (iii) on account of the direct product structures (3.11). m

3.2.2 The subgroups g§2, Gas, Gjg and Gygq of Go(B)
Since Ajg is centralized by W we may define an abelian group Gsg by
Gag = (A6, W) = (Z2)* x Zs. (3.12)

However, see Equation (3.10), W* does not commute with the foregoing
involutions, and so we may further consider two non-abelian groups, namely

Gis = (A16, W*) = (Z2)* : Z3,  Guraa = (Gas, W*) = ((Z2)* : Z3) x Zs.
(3.13)
The groups Ajg, Gus, Gig and G4 are all subgroups of Go(B).

On account of the relations (3.10), and the direct product structure
A = Ail) X Af), the group Giaq = (A, W, W*) is generated by the four
elements J1, Ja, Wand W*: Giag = (J1, Jo, W, W*). The five subgroups
.A4 of Aig give rise to five subgroups 936) of Giaa:

G\ = (A W W) = (J, WoW®) 2 (Zo)? 1 Zs)xZs, 1<i<5. (3.14)

Lemma 3.3 (i) Under the action of the group Giss the eight quatrains

{Q,« }1<r<8 for the page o;, 1 < i < 5, fall into the following three orbits

QS),Q%), C? of lengths 1,3,4 :

of ={oi"), o) =0, 0,01, o = {0, of QY i’}
(3.15)

(ii) The three quatrains Q; , i Q O constitute a W - orbit, and the sub-
group of Graq which stabilizes (cmy) one of them is Gjg = (Aus, W*> =~ 9243,

(iii) The four quatrains Q Q6 , (Z) constztute an A4 -orbit for

cmy ] % 4. The subgroup of Gia4a which stabzlzzes Q5 is the group 936 =
<.A4,WW*>&’( :3) x 3.

Proof. A straightforward check, using the generators Jy, Jo, W, W* of
Gi44. ®
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3.3 Harmonious quatrains and normal pentads

If a quatrain book °B has the quatrain Qq(n?, r; € {1,2, ..., 8}, in its ith page,
and so determines the book spread Sg1(°B) = {1} UQQ) UQg) U Qg) UQ%) U
Qg) in PG(5,2), then we refer to the ordered pentad of quatrains

QT17‘27’3T47‘5 = (Qri 7Qr2 7@7’3 7Qr4 7Q1(;5))) (316)

as the content of the Qbook 5B, and we use 5Br1r2r3r4r5 to denote this Qbook.
If we write quatrains er and Q(z) in the first two pages of our book B, and
leave the other pages blank, then we will say that we have a 2-quatrain book,
or 2Qbook, ?B whose content is @, and we use the notation 28,,,, for this
2Qbook. We define in an analogous fashion a $-quatrain book, or 3Qbook,
3By rors Whose content is Qp pyrs and a 4Qbook By, ryrsr, Whose content is

er T2T37T4 "

Lemma 3.4 The line spread of the Qbook °Q11111 s a normal spread; so is
the line spread of the Qbook °Qss555.

Proof. From Equation (2.6) we see that the element W cycles through
the points of each line of each of the quatrains Ql , 1 <i <5, and so (W)
serves as the required distinguished Zs-subgroup. From Equation (2.7) the

element W* serves similarly for the quatrains Qél), 1<:<5. =

A pentad Qp,roryrers Will be termed a normal pentad of quatrains if it is
the content of a Qbook °B whose book spread So1(°B) is a normal spread.
Subsets of a normal pentad Qp rorsryrs Of sizes 2, 3 and 4 will be termed
normal duads, triads and tetrads.

Lemma 3.5 If the quatrains Qr , , 1 # j, are in harmony then the pair
{Qr ) 5])} is a normal duad.

Proof. This follows immediately from Lemmas 3.2(iv) and 3.4. m

Lemma 3.6 A book B supports precisely 16 normal pentads with quatrains
€ Q4 and 16 normal pentads with quatrains € Q_.

Proof. Within Q. there are (g) x 4 x 4 =160 duads. But each normal
pentad contains (g) duads. =

Remark 3.7 As an arithmetical check, in PG(5,2) there exist 28.7.31 nor-
mal line spreads, see (1.6). Since each of the 21 lines of a normal spread is
the spine of a book B which supports the spread, there are Ny := 28.3.7%2.31
such books B. But in PG(5,2) there exist Ny := 23.3.72.31 books, see Sec-
tion 1.1. Consequently each book supports Ni/No = 2° normal pentads, in
agreement with the 16 4+ 16 of the lemma.
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3.4 The standard 2Qbook ?B and the group Gy(°B)

As explained in Section 2.2, in seeking a classification of all book spreads in
PG(5,2) we may restrict attention to those Qbooks 5B, based on our standard
book B, for which the quatrains in its first three pages o1, 02 and o3 all belong
to Q.. Since, see Lemma 3.2(iv), C16 acts transitively on the sixteen pairs of
quatrains {Qﬁl), QgZ)}1§T,5§47 we may further confine our attention to those

Qbooks °B for which the quatrains in its first two pages o1, 09 are le) and

(2).
i

(2)

QY = (3.17)

S EE
e 8 ¢ ©
L
e
Il
g ¢ 2 o
g 8 ¢ o
< 2 g8 ©

Thus equipped, the book B becomes our standard 2Qbook 2Bii, whose
content is Q11.

Our aim now is to investigate the different kinds of extensions of this
2Qbook B to a 3Qbook 3B, then to a 4Qbook 4B, and finally to a full
Qbook °B.

Lemma 3.8 The subgroup of Go(B) which stabilizes our standard 2Qbook
’B11 is Go(*Bi1) = Graa = (Asg, W, W*).

Proof. By Lemma 3.1(i) both le) and Q?) are stabilized by W and W*.

By Lemma 3.2(ii), both le) and Q§2) are stabilized by A1, but not by the 15
involutions in C16. So certainly G144 < Go(*B11). However, see Equation (2.8),
Jww) & Go(*B11). So for A in the block form (3.1), in order for A to belong
to Go(?B11) the block X must be restricted to represent the 16 elements of
Ais = (Z2)%, the element A4 must be restricted (see before Eq. (3.4)) to
belong to the Zs-subgroup (W4), and the element As must be restricted to
belong to the Zz-subgroup (W2). Hence Go(?B11) = Giaa = ((Z2)* : Z3) x Zs.
[

4 Extending the 2Qbook B to a full Qbook B

As indicated in section 3.4 we wish to investigate the different kinds of
extensions of our standard 2Qbook 2B;; to a 3Qbook B, then to a 4Qbook
4B, and finally to a full Qbook °B. To this end it will help to first have to
hand a list of all the normal pentads consisting of quatrains € Q. , and also
some material concerning normal tetrads and normal triads.
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4.1 Normal pentads and their subsets
Lemma 4.1 (i) Forr; € {1,2,3,4} the ordered pentad

Qrirargrars = (@1, QP Q%) QW Q1)) (4.1)

is a normal pentad of quatrains if and only if either r; =1, 1 <14 <5, or if
ri7rorsrars takes one of the following fifteen values

12442, 21244, 42124, 44212, 24421;
13223, 31322, 23132, 22313, 32231;
14334, 41433, 34143, 33414, 43341. (4.2)

(ii) Each of the 160 pairs of quatrains {Qy), ng)}1975§47 1<i<j<s belongs
to precisely one of these sixteen normal pentads.
(i1i) The sizteen normal pentads comprise a single Cig-orbit.

Proof. (i) We already know, see Lemma 3.4, that Q11111 is a normal
pentad. Upon noting that the pentad (Q12442 is the image of Q11111 under
the action of the involution K7 of Section 3.2.1, the pentad Q12442 is also
normal. From Lemma 3.1(ii) we see that B sends Qrirorsrars t0 Qrorsrarsr:;
so the three rows of (4.2) correspond to three B-orbits of pentads. But
from Lemma 3.1(i) we see that W cyclically permutes the three rows (the
fifteen pentads thus forming a single BW-orbit). So it follows that all fifteen
pentads given by (4.2) are normal. The sixteen normal pentads thus found
exhaust the possibilities, since by Lemma 3.6 no further normal pentads
exist with quatrains € Q..

(ii) This is a simple verification; see also Lemma 3.6, Proof.

(iii) This follows from (ii) upon recalling from Lemma 3.2(iv) that for
given ¢ # j the group Ci¢ acts transitively on the sixteen pairs of quatrains

{Qg%anigmgm [

Remark 4.2 The subgroup Go(°Bi1111) of Go(B) which stabilizes the Qbook
Biii11 i Graa of order 2432 and so it follows that 9(5811111) has order
144 x 5! = 27.33.5, in agreement with Eq. (1.7).

4.1.1 Different kinds of pentads

First consider pentads of harmony type 7 (5,0). We can classify such har-
monious pentads P = Qr,ryrsryrs into four kinds Py, P1, P2, P3 as follows:
Po: P € Py if P is a normal pentad; example Py := Q11111;

P12 P € Py if P ¢ Py but P contains a normal tetrad; example P; :=
Q11112;

Py P € Py if P ¢ PyUP; but P contains a normal triad; example Py :=

Q11122;
P3: P € Ps3 if P contains no normal triads; example P3 := ()11232-
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Lemma 4.3 If a harmonious pentad Ps is of type Py then it contains pre-
cisely two normal triads.

Proof. Without loss of generality we may assume that Py := Q1115 for
some 7,5 € {2,3,4}. By Lemma 4.1(ii) the harmonious duad {Q7(~4),Q25)}
is a subset of precisely one of the normal pentads (4.2), and so is a sub-
set of a unique normal triad {Qgi),Q$4),Q§5)} for some ¢ € {1,2,3}. Thus
P, = Q111+ contains just the two normal triads {le),Q?),QP} and
{Qgi),Q£4),Q§5)}. (For example, besides {le),Q?),Qgg)}, the only other
normal triad contained in P» = Q11142 is {le) , QZ(:L), Q§5)}, arising from the
first entry in (4.2).) m

Next consider pentads of harmony type 7 (4,1). Such pentads may be
similarly classified into three kinds:

Pi: P € Py if P contains a normal tetrad; example Pj := Q11115;
PL: P € Pl if P ¢ Py but P contains a normal triad; example Py := Q11125;
Py P € Py if P contains no normal triads; example Pj := Q11235.

Finally consider pentads of harmony type 7 (3,2). Such pentads may be
classified into two kinds:

PY:. P e PJ if P contains a normal triad; example Py := Q11155;
Py: P e Py if P contains no normal triads; example P := Q11255.

In ensuing sections our aim is to show that there are precisely nine dis-
tinct GL(6,2)-orbits of Qbooks, whose representatives may be chosen to be
those whose pentads are the foregoing

Py, Py, Py, P3, P, Py, Py, Py Py (4.3)

4.2 Extending the 2Qbook %8B to a 3Qbook *B

By making a choice of quatrain for the page o3 of B we thereby extend our
standard 2Qbook 2B = 2B to a 3Qbook 3B = 3Bi1,. In fact, see end of
Section 2.2, it suffices to confine our choice to one of the quatrains Q,(ns),
for r € {1,2,3,4}. Bearing in mind the quatrain orbits of Go(?B) = G144 in
Lemma 3.3, it suffices to consider just two kinds of 3Qbooks, represented by
3B111 and 3Bi1a. From Lemma 3.3 we already know the subgroups of Gy(B)
which stabilize these 3Qbooks, namely

Go(®Bi11) = Gia4; Go(®B112) = Gls. (4.4)

4.3 Qbooks of type 7(3,2)

In the case of Qbooks of harmony type 7(3,2), see section 2.2, we may
proceed directly from the 3Qbooks 38111 and 3Bi12 to full Qbooks.
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Theorem 4.4 There exist in PG(5, 2) just two GL(6, 2)-orbits of full Qbooks
of type T (3,2), with representatives *B11155 and *Biiass. These Qbooks *Bi11ss
and %Bi1255 may be distinguished by their having pentads belonging to the re-
spective kinds Py, Py, see section 4.1.1.

Proof. By Lemma 3.2 the group A6 fixes in each page o; the qua-
trains {Qg)}lgg and acts transitively on the sixteen pairs of quatrains
{Q,(fl), Qg‘r))}g,gmgg. So, up to isomorphism, the extensions *Bi11,s and Bi1a,s
of type 7 (3,2) to the 3Qbooks 3B111 and Bi12 are represented by those with
r=s=25. 1

4.4 Qbooks of type 7(5,0)

In this section we determine up to isomorphism those extensions of the
3Qbooks 3Bi11 and 3Biie to full Qbooks °Biiirs and °Biiars which are of
type 7 (5,0), that is those with r, s € {1,2,3,4} for which the five quatrains
form a harmonious pentad.

First we consider extensions of type 7(5,0) of the 3Qbook 3By11. Since
Go(®B111) = Giaa, see (4.4), the Go(®B111)-orbits of quatrains for the page o4
are Q%), Qg) and le), as in Equation (3.15). Up to isomorphism there are
thus just two kinds of 4Qbook which extend the 3Qbook 3Bi11 such that the
four quatrains are in harmony, represented by the two 4Qbooks “B;111 and
4B1112. From Lemma 3.3 it follows that the two subgroups Go(*B) of Go(B)
which stabilize these two 4Qbooks are

Go(*Bi111) = Grag; Go(*Bi112) = Gis.- (4.5)

Because Go(*Bi111) = Giaa it follows, again from Equation (3.15), that there
are at most two non-isomorphic extensions of 481111 to a full Qbook of type
7(5,0), represented by the two Qbooks Bi1111 and %Bii1112. Concerning ex-
tensions of “Bi112, consider the element R € GL(6,2) which fixes as, bs, cs
and effects the 3-cycles (asbscs), (vwv). It follows that R also effects the 3-
cycles (ajcsaz), (biasbe), (c1bsc2), and so R € G(B). Moreover one sees that

R fixes the quatrain le) and effects the 3-cycles (le)Qf’)Q?)), (Q§5)Q§5)Qf) ),
whence R effects the 3-cycle

Q1122 — Q11123 — Q1124 — Q11122 (4.6)

Because Qg(481112) = G,g it follows from Lemma 3.3 and from (4.6) that
there are at most two non-isomorphic extensions of Bi112 to a full Qbook
of type 7 (5,0), represented by the two Qbooks 5Bii121 and °Biii2. But
observe that the element B in Lemma 3.1(ii) maps ®Bi1121 to Bi1112. Con-
sequently there are at most three GL(6,2)-orbits of extension of the 3Qbook
3B111 to a full Qbook of type T (5,0), as represented by the three Qbooks
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Bii111, Biii12, Biiieo. In fact these three do represent distinct GL(6,2)-
orbits, for they arise from three distinct kinds of harmonious pentads, see
section 4.1.1, namely

Qi1 € Po, Quuz € P1, Quii22 € Pa. (4.7)

Next we look at extensions of the 3Qbook 3Bii2 to a full Qbook Biiars
with r, s € {1,2,3,4}. If r = s = 1, then note that the square of the element
B in Lemma 3.1(ii) maps %B11211 to the previously considered Qbook ®Bi1112.
If s =1, but r # 1, note that the element B maps *Bi12,1 to Bi112-, which
last is, see (4.6), isomorphic to the previously considered “Bii1az. If 7 = 1,
but s # 1, then the involution Nis5) := J(py) © (Nuz) ® I2), see (1.18), (2.8),
maps the Qbook °Bi121s to one, 9Bj1241, also just considered. So to encounter
anything new of type 7 (5,0) we need to consider the nine extensions *Bi1a,s,
r,s € {2,3,4}, of 3Bi12. By consulting the list (4.2) of normal pentads we
see that eight of these extensions are to Qbooks whose harmonious pentads
are of the kinds P; and P, already encountered in (4.7), and that only one
extension, namely ®Bi1232, has a harmonious pentad of kind Ps.

Lemma 4.5 For k=0,1,2,3 all pentads € Py, are isomorphic.

Proof. If P, € Py then let Py € Py be the normal pentad which shares
four of its quatrains with P;. By Lemma 4.1(iii) there exists K € Cj¢ such
that K(Py) = Q11111- Hence K (P;) agrees with Q11111 in four of its places,
and so for some power B" of B, see Lemma 3.1(ii), we have B"K(P;) =
Q1111 for some r € {2,3,4}. Hence each P; € P; is isomorphic to Q11112
Similar considerations, using appropriate elements of G(B), allow us to prove
that all pentads € Ps are isomorphic. Finally recall, see the preamble to
the Lemma, that the 3Qbook 3Bi12 has a unique extension to a Qbook
having a harmonious pentad of kind P3. Consequently all pentads € P3 are
isomorphic. m

Our results for Qbooks of type 7 (5,0) are thus as in the next theorem.

Theorem 4.6 There exist in PG(5, 2) just four GL(6, 2)-orbits of full Qbooks
of type T(5,0), with representatives:

5 .5 .5 .5
Biiii;  “Biie; “Biiizz;  “Biigse. (4.8)

The Qbooks (4.8) may be distinguished by their having pentads belonging to
the respective kinds Py, P1, P2, P3, see section 4.1.1.
4.5 Qbooks of type 7(4,1)

It follows from Lemma 3.2(ii) that there exists just one GL(6,2)-orbit of
Qbooks type 7 (4,1) which extend the 4Qbook “Bii11, .namely that repre-
sented by 9Bji115. Similarly there exists just one GL(6,2)-orbit of Qbooks
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type 7 (4,1) which extend the 4Qbook *Bii12,. as represented by ®Biiias.
These two classes are distinct, since ®B11115 and °Bi1125 have respective pen-
tads of the distinct kinds P; and Pj. We obtain nothing new by considering
extensions *Bi11s,, 7 € {1,2,3,4}, of the 4Qbook Bi115, for the involution
]\7(45) = Jww) © (Nus) @ I2), see (1.18), (2.8), maps the Qbook Bii1se to
one, °Bi11,5, just considered.

So to find anything further of type 7(4,1) we need to consider the three
extensions of 3Bi1a of the form °Biias, © € {2,3,4}. For the choices r = 2
and 7 = 4 the pentad is seen from the list (4.2) to be of kind Pj. By similar
arguments to those employed in the proof of Lemma 4.5, we see that 9811225
and °Bi1245 are isomorphic to °Bii12s. On the other hand the Qbook ®Bj1235
has pentad Q11235 of kind P%.

For Qbooks of type 7 (4, 1) our results are thus as in the next theorem.

Theorem 4.7 There exist in PG(5, 2) just three GL(6, 2)-orbits of full Qbooks
of type T (4, 1), with representatives:

Biis € Py; Biies € Py, Biiass € Ph. (4.9)

Remark 4.8 The book spread Siii1s = S21(°Bii11s) is unusual in that
it can be viewed as a quatrain book in two different ways! To see this,
recall from Remark 1.2 that the book spread Si1111 = 821(5811111) can
be viewed as a quatrain book in 21 ways. In particular it is a quatrain

book with spine the line {as,bs,c5} € Q§5). Now if we replace the regulus

as+u bs+v cz+w as+u bs+w c5+v
as+v bs+w c5+u | inos byits opposite | as +w bs+v 5+ u
as+w bs+u cs+wv as+v by+u cz+w

we thereby convert Q?) to Q?) and ®Bii111 to Biiiis. So Siiiis is a qua-
train book with spine {as,bs,c5} as well as a quatrain book with spine p =
{u,v,w}. Consequently take note that |G(S11115)| = 2|G(°Bi1111)|-

5 The complete classification of Qbooks in PG(5, 2)

In Theorems 4.4, 4.6, 4.7 we have succeeded in classifying all quatrain books
°B in PG(5,2): there are precisely nine GL(6, 2)-orbits with representatives
as displayed in the second columns of the following table. See Sections 5.1
and 5.2 below for details concerning the entries in columns 3, 4 and 5.
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Type Content of °B Invariant sequence IGCB)| |G(S21)]

7(5,0) Qi1111 € Po (0,0,0,0,0,0,0,0,0,63) 17280 362880 = 7.5.3%.27
Q11112 € P1 (0,0,0,0,0,0,0,0,48,15) 1152 1152 = 32.27
Q11122 € P> (0,0,0,0,0,0,0,48,0,15) 384 384 = 3.27
Q11232 € P3 (48,0,0,0,0,0,0,0,0,15) 5760 5760 = 5.32.27

74,1) Qu115€P;  (0,0,0,0,0,0,0,0,36,27) 864 1728 = 33.26
Q11125 € Py (0,0,0,0,0,0,0,36,12,15) 72 72 = 32.23
Q11235 € P (12,0,0,0, ,0 0,36,0,15) 288 288 = 32.2°

7(3,2) Qiis5 € Py (0,0,0,0,0,0,0,27,18,18) 108 108 = 33.22
Q255 € PY (3,0,0,0,0,0,0,36,9,15) 36 36 = 32.22

G1)

5.1 Invariant sequences

Any line spread Sz; in PG(5,2) determines a certain invariant sequence
I(S,;) as described below.

Lemma 5.1 Let So1 be a line spread in PG(5,2), and let H be any hyper-
plane of PG(5,2). Then precisely five lines of So1 lie inside H.

Proof. The 32 points of H¢ account for 16 lines of So; which meet H
in a point. The remaining 31 — 16 = 15 points of H must therefore support
the remaining 21 — 16 = 5 lines of Sy1. =

Thus Sa1 gives rise to an induced partial spread S5(H) in each hyper-
plane H of PG(5,2). Now all partial line spreads in PG(4,2) have been
classified in [5, Table B.1]. In particular there exist in PG(4,2) ten projec-
tively distinct kinds of partial spreads of size 5. Of the 63 partial spreads
S5(H) determined by the spread Sa; suppose that precisely N, belong to
class Vx.1, x = a, b, ... , j; see [5, Table B.1]. Then we will say that the
sequence (Nq, Ny, ..., N;) is the invariant sequence Z(S,;) of the spread So;.

Clearly spreads Sa1, Sy in PG(5,2) which have different invariant se-
quences will be non-isomorphic. In the case of a book spread determined
by a Qbook 5B then the 15 hyperplanes through the spine y of B contribute
(0,0,0,0,0,0,0,0,0,15) to the invariant sequence. In order to determine the
full invariant sequence one needs to determine the contributions of the 48
hyperplanes Hgg which meet p in a point. In some unpublished research in
2004 R. Shaw succeeded in doing this by first finding the orbit structure of
these 48 hyperplanes under the action of various relevant groups. His 2004
results are listed in column 3 in the table. These invariants are related to the
invariants calculated by computer in [13], namely the number n,, of 3-flats
containing m spread lines is calculated in [13] for m = 3,4, 5. In particular
N; = 3ns and N; = 3n4. (To see that N; = 3ny, observe that if o is a solid
which contains 4 lines Sy of the spread S»; then the three hyperplanes which
contain o are H, := (o, \,), where A1, Ay and A3 denote the three lines of
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S21 \ S4 which meet o in a point. Since the induced partial spread Ss(H,)
in each of these 3 hyperplanes is thus of class Vi.1 it follows that N; = 3ny4.)

5.2 The nine stabilizer groups G(°B)

Here we briefly sketch some of the main features of the nine stabilizer groups
G(°B), and in particular deal with their orders as given in column 4 of the
table (5.1). Of course a quatrain book °B lies on a GL(6,2)-orbit Q(°B)
of length |Q(°B)| = | GL(6,2)|/|G(°B)|, and so one modest check on the
accuracy of the entries in column 4 is that the nine orbit lengths sum to the
total number of Qbooks in PG(5,2), namely 1,194, 590,208 = 2'%.3.72.31
(see Section 1.1). In column 5 of the table (5.1) we have also listed the
order of the stability group G(S21) of the associated spread Sa1(°B). Recall
from Remarks 4.8, 1.2 that \9(5811115)| = \9(811115)|/2 and |g(5811111)‘ =
|G(S11111)]/21 = 17280; however |G(°B)| = |G(S21)| holds for the other seven
entries. As a more detailed check on the accuracy of our results the nine
stabilizer orders given in column 5 of our table are seen to be the same as
those found by computer in [13] (see the nine entries with ns > 5 in [13,
Table III]). Further, see Section 6 below for details of other computer-aided
checks on the accuracy of our results.

Recall that Go(°B) denotes the subgroup of G(°B) which consists of those
elements which fix each page of the Qbook 5B. Now, by appeal to our results
in Lemmas 3.1, 3.2, 3.3, for each of the nine Qbooks °B in the table (5.1)
the subgroup Go(°B) is seen to be as given in the following table:

Qbook B Go(°B)
Bt Graa = (Asg, W, IW¥)
Bii112, Biiiza, Biizsz | Gis = (Aie, W*)
Biiiis G = (AP w, ) (5.2)
Bii12s, Bii2ss «4352) = (Af), W)
*Bii1ss (W, W*) = Z3 x Z3
Bri2ss (Wr) = Zs

In particular see Lemma 3.3 for the results in the table (5.2) for the Qbooks
5811112, 5311122, 5811232. In the case of the QbOOk 5811155, we kHOW, see
(4.4), that Go(®Bi11) = (Aig, W, W*). But, see Lemma 3.2(iv), only the
identity element I4 of A6 preserves the pair of quatrains é4), QS), and so
Go(°Bi11s5) = (W, W*) = Z3 x Z3. On the other hand W ¢ Go(°Bi1255) since,
see Lemma 3.1(i), W does not preserve Qg3).

We now seek to extend Go(°B) to G(°B) by finding those further elements
of G(°B) which do not preserve each page of B. Since G1(X) = Sym(5), see
(1.19), any permutation of the five pages {01, 02,03, 04,05} can be achieved
by the element A4® 15 € G(B) for a suitable choice of A4 € G1(X) in Equation
(3.1). In particular any simple interchange (o;0;) can be effected by the
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involution Nij) @ I2. However the involution Nij) @ Iz effects @ = Q_ in
(2.9), and so instead we will in the following make use of the involutions

Nj) = Jww) © (Nij) @ I2) € G(B), (5.3)

which map each quatrain into a harmonious image, and which also generate
a Sym(5) subgroup, say Gi(B), of G(B).

For each ®B,,yrsrars in (5.2) our task is to find A4, X and Ay such that A
in (3.1) preserves the ordered pentad of quatrains Q,ryrgryrs - In the following
we et Grryrgryrs = g(SBnrzmmrs) and g91r2r3r4r5 = gO(SBnrzr?,rUs)-

5.2.1 Qbooks of harmony type 7 (5,0)

Concerning ®Bi1111 we know that G%1111 = Giasa. Since the quatrains Qgi)
are all preserved by the involutions NN, (i) the group G%11111 extends to 911111
by using elements of the Sym(5) subgroup of G(B) generated by the N(;;).
So |Gi1111] = B! x 144 = 17280. (Aliter: this result follows of course from
(1.7) since the book spread Sz;(°Bi1111) is a normal spread.)

Concerning the other three Qbooks °B of harmony type 7 (5,0) we know,
see (5.2), that they all have Go(°B) = Gjs = (A, W*). In the case of
B11112 observe that the six involutions N(Z-j), 1 <17 < j <4, which generate
a Sym(4) subgroup of G(B), all stabilize the ordered pentad of quatrains
Q®11112- Consequently |G11112| = |Sym(4)]_>< |Grg] = 1152.

In the case of ®Bi1122, the involution K13y = Jw) © (K(13) @ I2), where
K13y = WiN(13) as in (1.20), preserves the ordered pentad Q11122. For, upon

using (1.17), we see that K, (13) stabilizes the three quatrains Q?), 24) , Q;S)
and also effects the interchange le) = Qgg). So K(B) € Gi1122. In contrast
one can check that no involution exists which effects the interchange le) =
ng) and which also preserves the pair of quatrains {le), ;5)}. However
there does exist an involution which effects the interchanges le) = Q§5),

Qgg) = le) and which preserves the quatrain Q?), namely the involution
M15)(34y which keeps pointwise fixed the page o2 = (a2, b2, u,v) and which
also has the following effect

M(15)(34) a1 =2 bs+u, by Z2cs+u, ¢ =as

a3 = by +u, b3=cy+tu, c3=ag. (5.4)

Observe that the subgroup (K(13), M(15)(34)) of Gi1122 contains a Z sub-
group generated by the product K(13)M(15)(34) which effects the 4-cycle
(le)QS))QgS) 34)), and so (I_((13),M(15)(34)> is isomorphic to the dihedral
group Dg. We conclude that the stabilizer G11122 of the quatrain book °Bi1122
is the group (Ajs, W*,f_{(lg), M(15)(34)> of order 8 x |g18| = 384.

After dealing with 5B;1122 it came as quite a surprise to discover that the
Qbook %B11232 has a much higher degree of symmetry. In particular it is the
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only Qbook in our table (5.1) other than ®Bjy11; having a stabilizer group
which contains a Z5 subgroups. To see this last, observe that an element
F € GL(6,2) of order 5 exists satisfying

F:ap—ay—az+ur—as+wr as+u— a,
b1 — by +— by +w— by + v+ by +w— by,

cl—cgr—Cc3+v—catu—c+v—c (5.5)

and which is then seen to effect the cyclic permutation (le)Q?)Qgs)Q?)Q?))
of the quatrains of ®B11232. Moreover, from Eq. (1.16), we see that the invo-
lution N(12) effects the interchange le) = QgZ) while preserving the other
three quatrains of °Bijaz2. Consequently F and ]\7(12) generate a Sym(5)

subgroup which extends 9011232 = gjfg to 911232, and so 911232 has order
5! x 48 = 5760.

5.2.2 Qbooks of harmony type 7 (4,1)

In the case of 5Bii115 the group G 1115 = gé? = <A515),W, W*) can be
extended to Gii115 by elements of that Sym(4) subgroup of Gi1111 which
fixes 05. So \911115\ = 4! x 36 = 864.

In the case of ®Bi1125 we see that the group G%11125 = Ag) = <A515), W)
can be extended to Gii125 by elements of that Sym(3) subgroup of Gii111
which fixes k4 and k5. So |G11125| = 3! x 12 = 72.

In the case of ®Biia3s we see that G0pja35 = Ag) = (Af), W*) can be
extended to Gi1235 by elements of that Sym(4) subgroup of Gi1232 which fix

os5. For example, the involution N(34) effects Qg‘%) = Q:(;l) and preserves le),

QEQ) and Qg)). This is checked to be the case after using Eq. (1.16) to see
that N3y := B2N(12)B*2 effects the permutations

N(34) : (a364)(b3b4)(03a4)(b505)(a1b1)(b202). (5.6)
Consequently |Gi1235| = 4! x 12 = 288.

5.2.3 Qbooks of harmony type 7 (3,2)

In the case of ®Biiiss the group G%11155 = (W, W*) can be extended to
Gi1155 by elements of that Sym(3) x Z, subgroup of Gi1111 which preserves
the partition {01,02,03} U {04,05}. So ‘911155‘ = 3'x2x9 = 108. In
detail, we find that7g11155 = <L(12)(45) , T(132), Nys, W, W*), where L(12)(45) =
L12)(45) ® I2 and T(139) := T(132) & I2.

Finally, in the case of ®Bi12s5 the group G%11255 = (W*) can be extended
to G11255 by elements of that Sym(3) x Zs subgroup of Gy1232 which preserves
the partition {01, (72,03} U {0’4, 0'5}. So \911255\ = 3! x 2 x 3 = 36. In detail,
we see that 911255_: (N(12),M(23),N(45),W*>, where M(23) = FN(12)F_1

and (N(12), M(23), Ni45)) = Sym(3) x Zo.
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6 Computer-aided check of the main results

Two independent computer-aided checks have been carried out on the results
in Table 5.1.

Firstly, in 2004, T.P. McDonough verified using GAP [3] that there were
exactly nine different kinds of quatrain books in PG(5,2), in response to
R. Shaw’s 2004 proof of this, as previously noted in Section 1. One observes
initially that, since G = PGL(6, 2) acts transitively on the lines of PG(5, 2),
every such spread is equivalent to one with spine p and, since PGL(4,2)
is transitive on line spreads in PG(3,2), every such spread is equivalent to
one whose pages are the pages of the standard book B. Now observe that
two quatrain books in B are G-equivalent if, and only if, they are G(B)-
equivalent. The GAP program thus determines the G(B)-orbits of quatrain
books in B. Representatives of the nine orbits are the pentads of quatrains
row of table 6.1. The second row of the table lists the orders of the stabilizers
of the quatrain books in G(B). The third row of the table lists the orders
of the stabilizers of the quatrain books in G. The GAP program is available
from the authors.

11111 11112 11115 11122 11125 11155 11242 11245 11255
17280 1152 864 384 72 108 5760 @ 288 36 (6.1)
362880 1152 1728 384 72 108 5760 288 36

Secondly the classification of all line spreads in PG(5, 2) [13] shows that
up to isomorphism there are only 9 spreads for which there are at least five 3-
dimensional subspaces containing 5 spread lines. However it is not clear that
they are all book spreads. So S. Topalova recently carried through some new
computer-aided work, briefly described below, which concentrated solely on
book spreads. Moreover some intermediate theoretical results, proved in the
present paper, were also checked.

Without loss of generality we may fix the first 6 lines of the spread,
namely the spine, the lines of the first quatrain, and one line of the second
quatrain. We choose the remaining 15 spread lines from a set D of 102
lines (out of all 651 lines of the projective space) that are skew to each of
the fixed 6 ones. We construct the spread by backtrack search adding to
the set of these 6 lines the remaining 3 lines of the second quatrain, then
the 4 lines of the third quatrain, of the fourth and of the fifth one. The
lines of D are ordered lexicographically, and each line we choose is greater
than the previous line of the same quatrain or if it is the first line of a
quatrain, it is greater than the first line of the previous quatrain. We obtain
2048 = (2.1.1).(8.2.1.1).(4.2.1.1).(4.2.1.1) spreads, and from them we see
that:

1. There are 2 choices for the second line of the second quatrain and only
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one choice for each of the other two lines of the second quatrain —
this is in agreement with the fact that each skew pair of lines (namely
the spine and the first line of the second quatrain) is in two spreads
in PG(3,2) — section 1.2.2 and with the fact that the spine and one
more line fix exactly 2 quatrains (one from Q. and one from Q_ (2.9))

2. There are 8 choices for the first line of the third quatrain. This is
in agreement with the following facts: There are 2 possibilities for
choosing {as, bs, c3} because each skew pair of lines (namely {a1, b1, 1}
and {az, by, c2}) is in two spreads in PG(3,2) — section 1.2.2 . Then
there are 4 ways of choosing the smallest line of a quatrain because
there are 8 quatrains, but one and the same line is in one quatrain
from (2.6) and in one quatrain from (2.7).

3. Similar to 1.: there are 2 different choices for the second line of the
third quatrain and a unique choice for the other two lines.

4. There are 4 choices for the first line of the fourth (fifth) quatrain —
{a;,b;,c;} are already fixed so these are the 4 ways of choosing the
smallest line of a quatrain (see 2.) and then there are 2 different
choices for the second line and a unique choice for the other two lines.

There are 18 automorphisms which fix the first six lines of the spread.
To check for isomorphism we use the same technique as in [13], i.e. apply
automorphisms of PG(5,2) which map the spread lines to the fixed six lines
in all possible ways, and then these 18 automorphisms. We find out that
there are 9 nonisomorphic book spreads.

During the isomorphism check we also determine the automorphism
groups which stabilize the spreads and their subgroups which preserve the
spine. The orders of these groups are the same as those which are obtained
theoretically and presented in columns 5 and 4 of Table 5.1.

Concerning the possibility of a future computer-aided study of book
spreads in PG(7,2), it would seem, after some initial investigations, that
although they are only a small part of all line spreads, their number is too
big for a full computer-aided classification to be possible. Thus book spreads
in PG(7,2) with certain additional properties ought to be considered, and
the knowledge of the structure of PG(5,2) book spreads and their stabilizers
gained in the present paper will presumably be very helpful.
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