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Abstract

The space Alt(�3V6) of alternating trilinear forms on V6 = V (6; 2) is
naturally isomorphic to the space ^3(V �

6 ) of trivectors based on the dual
space V �

6 : Under the natural action of the group GL(6; 2) the nonzero
elements of Alt(�3V6) �= ^3(V �

6 ) are shown to fall into �ve distinct orbits.
In consequence the cubic hypersurfaces in PG(5; 2) are classi�ed into �ve
large families. For T 2 Alt(�3V6) let LT denote the set of T -singular
lines, consisting that is of those projective lines ha; bi in PG(5; 2) = PV6
such that T (a; b; x) = 0 for all x 2 V6: A description is given of the set LT
for a representative T of each of the �ve GL(6; 2)-orbits. In particular for
one of the orbits LT is a Desarguesian line-spread in PG(5; 2):
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1 Alternating trilinear forms over GF(2)

1.1 Introduction

Throughout we work over GF(2); and so we may identify the nonzero elements
of a vector space Vn+1 := V (n + 1; 2) with the points S0 of the associated
projective space PVn+1 = PG(n; 2): Similarly nonzero elements of the dual
vector space V �n+1 will be identi�ed with the points of the dual projective space
PV �n+1 = PG(n; 2)�: We use � u; v; ::: � for the vector subspace spanned by
vectors u; v; ::: ; and hu; v; ::: i for the �at (projective subspace) generated by
projective points u; v; ::: : The vector space F (S0) of all functions S0 ! GF(2)
is of dimension jS0j = 2n+1 � 1: Given a choice of coordinates x1; x2; ::: ; xn+1
in Vn+1; there are

�
n+1
r

�
monomials fxi1xi2 :::xirg1�i1< :::<ir�n+1 of (reduced)

degree r: The �n+1r=1

�
n+1
r

�
= jS0j monomials of degree r 2 f1; 2; ::: ; n + 1g are

linearly independent and form a basis for F (S0); and so a point-set  of PG(n; 2)
has equation Q(x) = 0 for some uniquely determined polynomial Q of minimal
degree on Vn+1 and satisfying Q(0) = 0: The (reduced) degree d = degQ of Q
is the polynomial degree of the point-set  : Note that if Fr = Fr(S0); r > 0;
denotes the subspace of F (S0) which consists of functions f expressible as a
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polynomial function f(x1; x2; :::; xn+1) with deg f � r and f(0) = 0; then the
subspaces Fr are nested:

F1 � F2 � ::: � Fn � Fn+1 = F (S0): (1)

In the following theorem Alt(�dVn+1) denotes the vector space of alternating
multilinear forms �dVn+1 ! GF(2). Also if degQ = d then Q+Fd�1 denotes a
general element of the quotient space Fd=Fd�1; and the alternating form TQ 2
Alt(�dVn+1) is obtained by completely polarizing Q; see [11, Eq. (1.2)]. Further
tQ is de�ned to be that element of ^dV �n+1 such that if Q is the product f1f2:::fd
of d linear forms fi 2 V �n+1 then tQ = f1 ^ f2 ^ ::: ^ fd:

Theorem 1 There exist natural linear isomorphisms Fd=Fd�1 �= ^dV �n+1 �=
Alt(�dVn+1); giving rise, for Q 2 Fd; to bijective correspondences

Q+ Fd�1  ! tQ  ! TQ:

See [11, Theorem 1.6] for a proof of this theorem; see also [5, Theorem B].
Concerning the second isomorphism, each t 2 ^dV �n+1 giving rise to an element
T 2 Alt(�dVn+1) by way of

T (v1; ::: ; vd) =< tjv1 ^ v2 ^ ::: ^ vd > : (2)

Here < �j� > is given by the standard determinantal pairing

< f1 ^ f2 ^ ::: ^ fdjv1 ^ v2 ^ ::: ^ vd >= det[fi(vj)]:

1.2 Cubics and alternating trilinear forms

From now onwards we will be dealing with the particular case d = 3 of The-
orem 1. Since the space F2 has dimension

�
n+1
1

�
+
�
n+1
2

�
=
�
n+2
2

�
; note that

2(n+2)(n+1)=2 di¤erent cubic polynomials Q give rise to the same alternating
trilinear form TQ 2 Alt(�3Vn+1); the latter being given, for vi 2 Vn+1; by

TQ(v1; v2; v3) =
P3
i=1Q(vi) +

P
1�i<j�3Q(vi + vj) +Q(v1 + v2 + v3): (3)

If Q 2 F3 is given in coordinates by Q(x) = �i<j<ktijkxixjxk + Q0; Q0 2 F2;
then observe that TQ takes the explicit coordinate form

TQ(x; y; z) =
X

i<j<k
tijkjxyzjijk; where jxyzjijk :=

������
xi yi zi
xj yj zj
xk yk zk

������ : (4)

Let Â 2 GL(V �n+1) denote the contragredient (At)�1 of an element A 2
GL(Vn+1): so (Âf)(Ax) = f(x) for all f 2 V �n+1; x 2 Vn+1: The natural action
of A 2 GL(Vn+1) upon Alt(�3Vn+1) is by way of �A where

(�AT )(x; y; z) = T (A�1x;A�1y;A�1z); T 2 Alt(�3Vn+1) (5)
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and upon ^3V �n+1 is by way of ^3Â; with e¤ect on decomposable trivectors

(^3Â)f1 ^ f2 ^ f3 = Âf1 ^ Âf2 ^ Âf3; fi 2 V �n+1: (6)

Under the isomorphic correspondence t  ! T of Theorem 1 and equation (2)
observe that (^3Â)t  ! �AT: The subgroup of GL(Vn+1) which stabilizes an
element T 2 Alt(�3Vn+1), and hence also the isomorphic element t 2 ^3V �n+1;
will be denoted GT ; and also Gt.

For a given choice of an element T 2 Alt(�3Vn+1) a point a 2 PG(n; 2) is
termed T -singular if it satis�es

T (a; x; y) = 0 for all x; y 2 Vn+1; (7)

and the radical radT of T is de�ned to be the �at in PG(n; 2) consisting of
all the T -singular points. Also a line ha; bi in PG(n; 2) is termed T -singular
whenever

T (a; b; x) = 0 for all x 2 Vn+1; (8)

and the set of all T -singular lines in PG(n; 2) will be denoted LT : Further, for
r > 1; an r-�at will be termed T -singular if it contains one or more singular
lines, and T -non-singular if it contains no singular lines. Under the isomorphic
correspondence t ! T we also write rad t = radT and Lt = LT .

1.3 Specialization to PG(5; 2)

We now specialize further and con�ne attention to projective dimension n = 5:
However before embarking upon d = 3 considerations in PG(5; 2) = PV6 it
may help to �rst remind ourselves of certain well-known d = 2 results. Upon
polarization, a quadratic form Q 2 F2 gives rise to an element B 2 Alt(�2V6);
and so to an isomorphic element b 2 ^2V �6 : Now the classi�cation of the 215

bivectors b 2 ^2V �6 into GL(6; 2)-orbits is well-known: the nonzero elements of
^2V �6 fall into three GL(6; 2)-orbits, as represented by the (dual) bivectors

b1 = f12; b2 = f12 + f34; b3 = f12 + f34 + f56; where fij := fi ^ fj : (9)

If for a given B 2 Alt(�2V6) we de�ne radB = rad b to be the �at consisting
of all the points a 2 PG(5; 2) which satisfy B(a; x) = 0 for all x 2 V6; then the
main interest is in the third of the foregoing orbits, since it is the only one having
radB = ;: In this case, B3 2 Alt(�2V6) is non-degenerate and has stabilizer
GB3
�= Sp(6; 2): In this d = 2 situation it is a simple task to classify the quadratic

forms. In particular the 64 quadratic forms Q such that BQ = B3 fall into just
two Sp(6; 2)-orbits, comprising a familyH of 36 hyperbolic quadrics and a family
E of 28 elliptic quadrics; see for example [3, Lemma 20.7.2], [7, Section 2.2].
Consequently the non-degenerate quadrics in PG(5; 2) fall into two GL(6; 2)-
orbits of lengths 36j�3j and 28j�3j; where j�3j = jGL(6; 2)j=jSp(6; 2)j = 13888:
Returning now to d = 3 considerations, it is no doubt a daunting prospect

to contemplate carrying out a study of all the 241�221 cubic hypersurfaces  in
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PG(5; 2): Nevertheless a �rst step is the appreciably simpler task of classifying
the 220 elements T 2 Alt(�3V6) �= ^3V �6 which arise, as in (3), from the po-
larization of cubic forms Q on V6: This simpler task is accomplished in Section
2, where we determine the decomposition of Alt(�3V6) �= ^3V �6 into distinct
GL(6; 2)-orbits.

Before proceeding further it is perhaps worth mentioning that as well as the
linear isomorphism t 7! T of ^3V �6 with Alt(�3V6); we also have the Poincaré
isomorphism t 7!?t of ^3V �6 with ^3V6. For a general account of the Poincaré
isomorphisms see, for example, [4, §9.6]. Fortunately we are working over GF(2)
and so can take advantage of certain simplifying aspects. For since the space
^6V6 has a unique nonzero element, the Poincaré isomorphisms.^rV �6 �= ^6�rV6
are unique. Moreover, since �1 = 1; we are free from sign intricacies. In
particular, if ff1; ::: ; f6g is the basis B� for V �6 which is dual to a basis B =
fe1; ::: ; e6g for V6; then the isomorphism ?: ^3V �6 ! ^3V6 has the following
simple form on basis trivectors:

?fijk = elmn; where fijk := fi ^ fj ^ fk; elmn := el ^ em ^ en; (10)

this holding for any permutation ijklmn of 123456: The previous de�nitions of
T -singular points and lines can be rephrased in terms of ?t as follows: a point
a 2 PG(5; 2) is T -singular if it satis�es (?t)^a = 0 and a line ha; bi is T -singular
whenever (?t) ^ a ^ b = 0:

2 The �ve orbits �1; ::: ;�5 of trivectors

In [11] the author studied �ve particular cubic hypersurfaces Q(x) = 0 in
PG(5; 2) which arose from partial spreads of planes. The �ve alternating forms
T = TQ 2 Alt(�3V6) determined by these �ve cubics Q gave rise to �ve sets
LT of T -singular lines, and these are seen to be projectively distinct; indeed
the �ve cardinalities jLT j are distinct. Consequently the nonzero elements of
Alt(�3V6) �= ^3V �6 belong to at least �ve di¤erent GL(6; 2)-orbits �1; ::: ;�5:
These orbits are described in Tables 1 and 2 below, and in the subsequent sub-
sections 2.1 - 2.5. When dealing with a representative ti of the orbit �i we
write Li for Lti(= LTi) and Gi for the stabilizer Gti(= GTi). The numbering in
the tables di¤ers from that in [11]: in the order in which the cubics appear in
[11, §§2.2 - 2.6] the cardinalities jLT j are 203; 49; 21; 35 and 91:

Table 1: the �ve orbits �1; ::: ;�5 of trivectors 2 ^3V �6
Orbit Representative ti 2 �i jLij rad ti
�1 t1 = f123 203 he4; e5; e6i
�2 t2 = f123 + f145 91 he6i
�3 t3 = f123 + f456 49 ;
�4 t4 = f234 + f135 + f126 35 ;
�5 t5 = f234 + f135 + f126 + f156 + f246 + f345 21 ;
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Table 2: the �ve stabilizers G1; ::: ;G5
Orbit Stabilizer Gi jGij j�ij
�1 29 : (GL(3; 2)�GL(3; 2)) 215:32:72 1395
�2 29 : Sp(4; 2) 213:32:5 54684
�3 (GL(3; 2)�GL(3; 2)):2 27:32:72 357120
�4 28 : GL(3; 2) 211:3:7 468720
�5 SL(3; 4):2 27:33:5:7 166656

Of course the orbit lengths in the fourth column of Table 2 follow from the
stabilizer orders in the third column: j�ij = jGL(6; 2)j=jGij; where

jGL(6; 2)j = 215:34:5:72:31 = 20158709760: (11)

Remark 2 By (10), the �ve GL(6; 2)-orbits of trivectors t 2 ^3V �6 in Table 1
give rise to �ve GL(6; 2)-orbits of trivectors ?t 2 ^3V6 with representatives

?t1 = e456; ?t2 = e456 + e236;

?t3 = e456 + e123; ?t4 = e156 + e246 + e345;

?t5 = e156 + e246 + e345 + e234 + e135 + e126: (12)

2.1 The orbit �1

For the trivector t1 = f123 we have T1(a; y; z) = jayzj123; see (4), whence
rad t1 = he4; e5; e6i: The T1-singular lines L1 consist of the 7 lines of the plane
rad t1 together with the 7 � 28 = 196 lines which meet rad t1 in a point; so
jL1j = 203: In terms of V6 =� e1; e2; e3 � � � e4; e5; e6 � the stabilizer G1
consists of all elements A 2 GL(6; 2) of the (3 + 3)-block form

A =

�
A1 O
B A2

�
; Ai 2 GL(3; 2); B 2 (F2)3�3: (13)

So G1 �= 29 : (GL(3; 2)�GL(3; 2)); of order jG1j = 215:32:72, whence

j�1j = jGL(6; 2)j=jG1j = 32:5:31 = 1395: (14)

2.2 The orbit �2

Since for the trivector t2 = f123 + f145 we have

T2(a; y; z) = jayzj123 + jayzj145; (15)

it follows that a = e6 is the sole T2-singular point: rad t2 = fe6g: (Equivalently
a = e6 is the only point satisfying (? t2) ^ a = 0:) Further observe that t2
determines a unique point in PG(5; 2)�; namely f1; since f1 is the only non-
zero element f 2 V �6 satisfying t2 ^ f = 0: So not only does t2 determine the
G2-�xed point e6 in PG(5; 2) it also determines the G2-invariant hyperplane

5



H = he2; e3; e4; e5; e6i; with equation f1(x) = 0: The lines of PG(5; 2) can
be classed into three kinds. First there are the 31 lines which contain e6; all
therefore being T2-singular. Secondly there are the lines which meet H in a
point other than e6; from (15) we see that none of these are T2-singular. Thirdly
consider lines L � H which do not contain e6. For such a line L = ha; bi we
have, since a1 = b1 = 0;

T (a; b; x) = B(a; b)x1; where B(a; b) := T (a; b; e1): (16)

Upon restriction to the solid D = he2; e3; e4; e5i the alternating bilinear form B
is non-degenerate and so D is thereby equipped with Sp(4; 2)-geometry. Conse-
quently precisely 15 lines L = ha; bi in D are self-polar, satisfying B(a; b) = 0;
and hence by (16) are T2-singular. These 15 self-polar lines L � D give rise to 15
planes P = he6; Li; each line of P being T2-singular. These 15 planes P = he6; Li
thus contribute 15� 4 = 60 lines of the third kind which are T2-singular. Hence
jL2j = 31 + 0 + 60 = 91:
In terms of the basis B = fe1; ::: ; e6g it follows from the foregoing that

elements A 2 GL(V6) which �x t2 are those with matrices of the (1 + 4 + 1)-
block form

A =

0@ 1 O 0
at C O
� b 1

1A ; a; b 2 GF(2)4; � 2 GF(2); (17)

with the 4� 4 matrix C any element of Sp(4; 2): So G2 �= 29 : Sp(4; 2); of order
jG2j = 29:720 = 213:32:5; whence

j�2j = jGL(6; 2)j=jG2j = 22:32:72:31 = 54684: (18)

2.3 The orbit �3

If t3 = f123 + f456; and so ?t3 = e456 + e123; then a line L is T3-singular if
and only if L meets each of the planes he1; e2; e3i and he4; e5; e6i in a point. So
radT3 = ; and jL3j = 7� 7 = 49: The stabilizer G3 clearly contains all elements
A1 � A2; Ai 2 GL(3; 2); acting upon V6 =� e1; e2; e3 � � � e4; e5; e6 � : But
also G3 contains the involution e1 � e4; e2 � e5; e3 � e6: So G3 �= (GL(3; 2)�
GL(3; 2)):2; of order jG3j = 27:32:72; whence

j�3j = jGL(6; 2)j=jG4j = 28:32:5:31 = 357120: (19)

2.4 The orbit �4

For the trivector t4 = f234 + f135 + f126 we have

T4(a; y; z) = jayzj234 + jayzj135 + jayzj126; (20)

from which it quickly follows that radT4 = ;: Observe that T4(ei; ej ; �) = 0
for ij = 45; 46; 56: Every line in the plane Y := he4; e5; e6i is therefore T4-
singular. Such a plane will be termed totally singular. No other plane is totally
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T4-singular and so any element A 2 G4 must preserve Y = he4; e5; e6i; also
the contragredient Â must preserve the annihilator Y O = hf1; f2; f3i of Y: Any
element A 2 G4 thus has a matrix of the (3+3)-block form (21). In fact we can
show that G4 contains a copy of GL(3; 2): For consider the element Ĉ 2 GL(V �6 );
of order 7; with e¤ect

Ĉ : f1 7! f2; f2 7! f3; f3 7! f1 + f2; f4 7! f5; f5 7! f6; f6 7! f4 + f5:

Note that ^3Ĉ e¤ects f126 7! f234+f235; f135 7! f126; f234 7! f135+f235; whence
(^3Ĉ)t4 = t4 and so C 2 G4: Consider also the involution K̂ 2 GL(V �6 ) with
e¤ect

K̂ : f1 � f2; f3 7! f3; f4 � f5; f6 7! f6:

Since ^3K̂ e¤ects f126 7! f126 and f135 � f234 then also K 2 G4: So G4 contains
the subgroup hC;Ki �= GL(3; 2):
We claim that G4 consists precisely of all elements of GL(V6) whose matrices

(with respect to the basis B) are of the (3 + 3)-block form

A =

�
A1 O
B A1

�
; A1 2 GL(3; 2); B 2 (F2)3�3; trB = 0: (21)

To justify this claim �rst consider the involution LB 2 GL(V6) obtained by
setting A1 = I in (21). Now the contragredient L̂B of LB �xes fi for i = 1; 2; 3
and e¤ects f4 7! f4 +�

3
j=1b1jfj ; f5 7! f5 +�

3
j=1b2jfj ; f6 7! f6 +�

3
j=1b3jfj : So

^3L̂B e¤ects
f234 7! f234 + b11f123; f135 7! f135 + b22f123; f126 7! f126 + b33f123;

and so preserves t4 if and only if trB = 0: Hence G4 contains all the elements
of the form (21). To see that G4 is no larger it su¢ ces to carry out the straight-

forward check that if A 2 GL(V6) has matrix
�
C O
O I

�
then ^3A preserves

?t4 = e156 + e246 + e345 if and only if C = I: Consequently G4 �= 28 : GL(3; 2);
of order jG4j = 211:3:7; whence

j�4j = 24:32:5:31 = 468720: (22)

In order to describe the T4-singular lines L4 it helps to make use of the
involution J := LI , having matrix

�
I O
I I

�
; which �xes each point of the plane

Y and which e¤ects the interchanges

J : e1 � e1 + e4; e2 � e2 + e5; e3 � e3 + e6:

Take note that J is the only element 6= I of GL(V6) which centralizes G4: We
claim that L4 comprises:
(i) the 7 lines of the totally singular plane Y ;
(ii) the 28 lines of the form ha; Jai; a =2 Y:

Since G4 is transitive on the 56 points a =2 Y to prove our claim it su¢ ces to
check that he1; e4i is the only T4-singular line L which contains the point e1:
This is seen to be the case, since T4(e1; b; x) = b2x6+ b6x2+ b3x5+ b5x3 and so
T4(e1; b; x) = 0 for all x if and only if b 2 he1; e4i: So jL4j = 7 + 28 = 35:
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2.5 The orbit �5

The trivector t5 2 �5 was studied in some detail in [14], where it was shown
that L5 is a Desarguesian line-spread in PG(5; 2) (whence rad t5 = ;); the 21
lines of the spread L5 being the orbits in PG(5; 2) of the subgroup hRi �= Z3 of
GL(V6); where

R : e1 7! e4 7! e1 + e4; e2 7! e5 7! e2 + e5; e3 7! e6 7! e3 + e6: (23)

The spread L5 has for its stabilizer a subgroup G(L5) �= �L(3; 4) of GL(V6);
and the stabilizer of t5 was shown in [14] to be a subgroup G5 �= SL(3; 4):2 of
index 3 in G(L5): So jG5j = 27:33; 5:7; whence

j�5j = jGL(6; 2)j=jG5j = 28:3:7:31 = 166656: (24)

Remark 3 It was shown in [14] that the same Desarguesian line-spread L5
occurs as the set of singular lines of precisely three elements t5; t05; t

00
5 2 ^3V �6 ;

namely

t5 = f234 + f135 + f126 + f156 + f246 + f345;

t05 = f156 + f246 + f345 + f123 + f456;

t005 = f234 + f135 + f126 + f123 + f456:; (25)

So t05 or t
00
5 could replace t5 in Table 1 as representative of the orbit �5:

2.6 The main theorem

The number of nonzero elements of Alt(�3V6) �= ^3V �6 is jP(^3V �6 )j = 220�1 =
1048575: But note from Table 2 that

P5
i=1j�ij = 1048575: Consequently we

have proved the following theorem.

Theorem 4 The nonzero elements of Alt(�3V6) �= ^3V �6 belong to precisely
�ve GL(6; 2)-orbits �1; ::: ;�5 as set out in Tables 1 and 2 and as described in
the subsequent Sections 2.1 - 2.5.

3 The �ve families of cubics in PG(5; 2)

It follows from Theorem 4 that the 221(220 � 1) cubic hypersurfaces  : Q = 0
in PG(5; 2) can be classi�ed into �ve large families F1; ::: ;F5; with Q; or
 ; belonging to Fi if tQ 2 �i: Ideally, for each family Fi one would like to
classify the 221 cubics Q such that tQ = ti 2 �i into Gti-orbits. However � in
contrast to the d = 2 result that there are just the two Sp(6; 2)-orbits H and E
of quadratic forms which arise from the bivector t3 in Eq. (25) � in our present
d = 3 situation there are very many Gi-orbits of cubic forms. Indeed it will
probably need computer assistance to achieve a complete classi�cation of all the
cubic hypersurfaces in PG(5; 2):
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Many of the cubic hypersurfaces  : Q = 0 belonging to a family Fi will no
doubt have as their stabilizer GQ(= G ) a fairly small subgroup of Gi; and so
perhaps do not justify much attention. It would seem more rewarding to seek
out and study those cubic hypersurfaces in a family Fi which have appreciable
symmetry, with G being a sizeable subgroup of Gi: See [11, §§2.2 - 2.6] for
consideration of one such cubic hypersurface in the case of each of the �ve
families Fi:
In the study of a particular cubic Q 2 Fi one con�dently expects that the

properties of its trivector tQ 2 �i; as described in Section 2, will play a signi�-
cant role. For example, consider the case where the cubic hypersurface Q = 0 is
the 35-set  � PG(5; 2) supporting a non-maximal partial spread �5 of �ve
planes in PG(5; 2): Here tQ is seen to belong to the family F4; and so, see Sec-
tion 2.4, there exists a unique totally singular plane P . As noted in [11, §2.5],
this plane is in fact one of the planes of �5; being the privileged plane of �5,
see [9, Theorem 4.3] and [10, Theorem 4.2]), with the property that each of the
seven internal planes =2 �5 of  meets P in a line and meets each of the four
other planes 2 �5 in a point.
As another example consider the case where the cubic hypersurface  �

PG(5; 2) is the 35-set supporting a maximal partial spread �5 = fPigi2f1;2;3;4;5g
of �ve planes in PG(5; 2): Now such a set  also supports a second maximal
partial spread �05 = fP 0igi2f1;2;3;4;5g of planes such that Li := Pi\P 0i is a line for
i = 1; ::: ; 5 and Pi \ P 0j is a point for i 6= j: The hypersurface  is accordingly
called a double-�ve of planes; see [8] and [9] for more details, including a proof
that  has a cubic equation Q = 0: Here tQ can be seen to belong to the family
F2, and so, see Section 2.2, there exists a unique TQ-singular point a and a
unique invariant hyperplane H; with a 2 H: So one con�dently expects that a
and H will enter signi�cantly in any study of a double-�ve  : Indeed one sees
that H is the even, or invariant, hyperplane of  ; see [9, Theorem 1.3], such that
H \  is a parabolic quadric P4 � H; with the �ve lines Li forming a 1-spread
for P4; Further the singular point a is the nucleus of the parabolic quadric P4:

Despite the great variety of cubic forms Q in PG(5; 2); those that belong to
the same family Fi will share certain features arising from the fact that their
completely polarized forms TQ belong to the same orbit �i: In particular, in the
case of the family F5; all of its N = 221j�5j = 349502963712 members Q have
a Desarguesian line-spread for its set LTQ of singular lines. Further, as pointed
out in [14, §6(i)], for each of these N cubic hypersurfaces  any of the 630 solids
D which contains just one line of the line-spread LT possesses a distinguished
point nD with the property that all planes P � D which contain nD meet  in
an odd number of points.
One particular choice of cubic hypersurface belonging to the family F5 is

that of a Segre variety  = S1;2; see [12, Eq.(1.10)] for its cubic equation Q = 0:
The cubic Q has appreciable symmetry, its stabilizer GQ being isomorphic to
GL(2; 2)�GL(3; 2) and so of order 6�168 = 1008: However there is at least one
other member of F5 that has more symmetry. For consider that hypersurface
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 in PG(5; 2) whose equation is Q(x) = 0 where Q is precisely

Q(x) = x2x3x4 + x1x3x5 + x1x2x6 + x1x5x6 + x2x4x6 + x3x4x5; (26)

with (in the basis B) no linear or quadratic terms. One �nds that  is a 45-
set in PG(5; 2) consisting of the points on a certain �fteen of the lines of the
Desarguesian line-spread L := LTQ ; these �fteen lines in fact arising from the
complement of a 6-arc in PG(2; 4); whence GQ �= 3:Sym(6) is of order 2160:

4 A conjecture

We now revert to general projective dimension n in order to put forward the
following conjecture.

Conjecture A. For any n > 2 and any T 2 Alt(�3Vn+1) the set LT of T -singular
lines in PG(n; 2) is non-empty.

We have seen that the conjecture holds in the case n = 5: Using the canonical
forms t1 and t2 in Table 1 we also see that the conjecture also holds for n = 3
and n = 4; for example we see from Equation (15) that T2(e2; e4; x) = 0 for all
x 2 V5: The conjecture can be re-phrased in terms of a property of the linear map
CT : ^2Vn+1 �! V �n+1 whose e¤ect on decomposable elements a ^ b 2 ^2Vn+1
is de�ned by

CT : a ^ b 7�! f; where f(x) = T (a; b; x): (27)

(In terms of ? t this last reads ?f = (? t) ^ a ^ b:) For observe that a line
L = ha; bi is T -singular whenever its Grassmann image a^b belongs to ker(CT ):
So Conjecture A is equivalent to the following conjecture.

Conjecture B. For any n > 2 and any T 2 Alt(�3Vn+1) the Grassmannian
G1;n;2 � P(^2Vn+1) has non-empty intersection with P(kerCT ):

Since dim(imCT )+dim(kerCT ) = dim^2Vn+1 =
�
n+1
2

�
; and since imCT has

dimension � n+1; it follows that the subspace kerCT of ^2Vn+1 has dimension
� dn where dn =

�
n
2

�
� 1: In cases where dim(kerCT ) > dn; that is when

P(kerCT ) is an r-�at for some r � dn; then certainly G1;n;2 \ P(kerCT ) is non-
empty. For the Grassmannian G1;n;2 is known, see [2], [13], to have polynomial
degree dn; and consequently, see [6], any r-�at with r � dn meets G1;n;2 in a
nonzero (in fact odd) number of points. Unfortunately this argument fails in
the cases where imCT = V �n+1; and so dim(kerCT ) = dn; since, see [1], there
exist (dn � 1)-�ats in P(^2Vn+1) which are external to G1;n;2:
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