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Abstract

Given a hypersurface  in PG(n; 2) with cubic equation Q(x) = 0 let
T (x; y; z) denotes the alternating trilinear form obtained by completely
polarizing Q: The  -associate U# of a �at U in PG(n; 2) is de�ned by

U# = fz 2 PG(n; 2) jT (x; y; z) = 0 for all x; y 2 Ug:

Further a projective line L is said to be singular if L# = PG(n:2); and
a point p 2 PG(n; 2) is said to be singular if every line L containing p is
singular. Some general results are �rst expounded, but thereafter atten-
tion is con�ned to projective dimension n = 5; and special consideration
is given to the following three choices for  � PG(5; 2):

(a)  is the underlying 21-set of a partial spread �3 of three planes in
PG(5; 2);

(b)  is the underlying 35-set of a non-maximal partial spread �5 of
�ve planes in PG(5; 2);

(c)  is the underlying 35-set of a maximal partial spread 	5 of �ve
planes in PG(5; 2):
Results worthy of note include the following.

Choice (a). The singular lines form a complete spread of 21 lines.
Further the 48 planes external to  fall into eight pairs of ordered triplets
f(P1; R1; S1); (P2; R2; S2)g such that  c = P1[R1[S1[P2[R2[S2 and
P#
i = Ri; R#i = Si; S#i = Pi; i = 1; 2:
Choice (b). One planeW 2 �5 is picked out by the property that every

line L � W is singular. Moreover W is the privileged member of �5 as
introduced in [R. Shaw, Double-�ves and partial spreads in PG(5; 2), in:
Proceedings of the First Pythagorean Conference, Spetses, Greece 1996 ].

Choice (c). There is a unique singular point, namely the nucleus of
	5 [see R. Shaw, Icosahedral sets in PG(5; 2); Europ. J. of Combinatorics
18 (1997), 315-339].

Keywords hypersurfaces in PG(n; 2); associate of a projective �at, partial
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1 Introduction

Throughout we work overGF(2); and so we may identify the nonzero elements of
a vector space V (n+1; 2) = Vn+1 with the points S0 of the associated projective
space PVn+1 = PG(n; 2): Consequently we identify GL(Vn+1) = GL(n + 1; 2)
with the group PGL(n+ 1; 2) of collineations of PG(n; 2): We use � u; v; ::: �
for the vector subspace spanned by vectors u; v; ::: ; and hu; v; ::: i for the �at
(projective subspace) generated by projective points u; v; ::: : The vector space
F (S0) of all functions S0 ! GF(2) is of dimension jS0j = 2n+1 � 1; one basis
being f�aga2S0 ; where �a is the characteristic function of the singleton subset
fag � S0: Given a choice of coordinates x1; x2; ::: ; xn+1 in Vn+1; there are

�
n+1
r

�
monomials fxi1xi2 :::xirg1�i1< :::<ir�n+1 of (reduced) degree r: So altogether we
have �n+1r=1

�
n+1
r

�
= jS0j linearly independent monomials, and these form another

basis for F (S0): Given a point-set  of PG(n; 2) it follows that it has equation
Q(x) = 0 for some uniquely determined polynomial Q of minimal degree on
Vn+1 and satisfying Q(0) = 0: Brie�y stated, every point-set of PG(n; 2) is a
hypersurface. The (reduced) degree d = degQ of Q is the polynomial degree
of the point-set  : Observe that d � n + 1: In fact, see [6, Section 1.2], the
following is easily seen to hold.

Lemma 1.1 If j j is even then the point-set  of PG(n; 2) has polynomial
degree d = n+ 1; while if j j is odd then d � n:

From now onwards we will deal with situations where some particular choice
of a non-empty point-set  of PG(n; 2) = PVn+1 has been made. Points, lines,
... , which lie inside  will be called internal points, lines, ... , and those which
lie in  c are termed external. Let G < GL(n + 1; 2) be the stabilizer of the
set  ; and denote by GX that subgroup of G which stabilizes a subset X of
PG(n; 2): Let us suppose that the subset  has equation Q(x) = 0 where the
polynomial Q = Q has (reduced) degree d:

De�nition 1.2 Given the choice of subset  of PG(n; 2) a �at U of PG(n; 2)
is termed  -odd whenever jU \  j is odd and  -even whenever jU \  j is even.
Once a particular  has been agreed then we omit the � -�.

The next theorem shows that the degree d = degQ can be determined from
the point-set  purely by incidence properties. The theorem deals with an odd
point-set  ; since if j j is even then d = n+ 1 by lemma 1.1.

Theorem 1.3 (See [7, Theorem 1.1].) If j j is odd then Q has polynomial
degree d if and only if (i) every d-�at is  -odd and (ii) there exists at least one
(d� 1)-�at which is  -even.

1.1 Cubic hypersurfaces in PG(n; 2)

From now onwards we deal with a hypersurface  in PG(n; 2) having equation
Q(x) = 0 where the (reduced) degree d = degQ of Q is d = 3: (See [8] for
general degree d:) Let T (v1; v2; v3); vi 2 Vn+1; denote the trilinear alternating
form obtained by completely polarizing the cubic polynomial Q :

T (v1; v2; v3) =
P3
i=1Q(vi) +

P
1�i<j�3Q(vi + vj) +Q(v1 + v2 + v3): (1.1)

Consequently the following lemma holds.
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Lemma 1.4 (i) If the points v1; v2; v3 are dependent then T (v1; v2; v3) = 0:
(ii) If the points v1; v2; v3 are independent, generating a projective plane P;

then
T (v1; v2; v3) =

P
v2PQ(v); (1.2)

and so T (v1; v2; v3) = 0 if and only if the plane P is  -odd.

De�nition 1.5 For a cubic hypersurface  in PG(n; 2) the  -associate U# of
an r-�at U is

U# = fv 2 PG(n; 2) jT (u1; u2; v) = 0 for all u1; u2 2 Ug: (1.3)

Since T is trilinear, U# is an s-�at for some s: Since U# is uniquely determined
by U it follows that GU � GU# ; where GU denotes that subgroup of G which
stabilizes the �at U: Further, if W is also a �at, then from W � U it follows
that U# �W#:

Remark 1.6 De�nition 1.5 is the special case d = 3 of the general de�nition,
see [8], of the  -associate of a �at in PG(n; 2) with respect to a given subset  
of polynomial degree d: (Note that if d = 2 then U# is the �at, usually denoted
U?; orthogonal to U:) The hope is that, for some subsets  of PG(n; 2); an
investigation of the  -associates X# of r-�ats may illuminate in an interesting
way some of the known geometry of  ; or conceivably even bring to light some
new geometrical aspects.

Note that the associate huiz of a point u 2 PG(n; 2) is the whole of PG(n; 2):
Concerning the associate of a line L of PG(n; 2) we make the following de�nition.

De�nition 1.7 The associated linear form of a line L = ha1; a2i of PG(n; 2)
is fL, where

fL(x) = T (a1; a2; x); x 2 V6: (1.4)

This is a good de�nition: since T is alternating and trilinear, any choice of
independent points a1; a2 2 L yield the same linear form.
The associate L# of a line L of PG(n; 2) is thus the �at HL :

HL := fx 2 PG(n; 2)j fL(x) = 0g: (1.5)

So L# is a hyperplane whenever fL is not the zero form, while L# = PG(n; 2)
if fL is the zero form.

De�nition 1.8 If fL is the zero form the line L will be termed singular. Also,
for r � 1; an r-�at will be termed singular if it contains one or more singular
lines, and non-singular if it contains no singular lines. Further a point p 2
PG(n; 2) is termed singular if every line L containing p is singular, that is if

T (a1; a2; p) = 0; for all a1; a2 2 PG(n; 2): (1.6)

Since T is trilinear the set of all singular points is a �at in PG(n; 2) which
we will call the radical rad of  (and of T ):
Because T is trilinear and alternating the next theorem follows quickly� see

[8, Lemma 1.11] � from lemma 1.4(ii). It is noteworthy, since it rephrases the
de�nition of the associate U# solely in terms of certain incidence properties.
Because a coordinate form for T is usually quite complicated, use of theorem
1.9, and of its o¤shoot theorem 1.10, is usually the best way to determine U#:
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Theorem 1.9 Given a cubic hypersurface  in PG(n; 2) let U be an r-�at of
PG(n; 2): Then
(i) for r � 1 a point y 2 U c is in the  -associate U# of U if and only if for

each line L of U the plane hy; Li is  -odd;
(ii) for r � 2 a point y 2 U is in the associate U# of U if and only if every

plane P of U which contains y is  -odd.

Theorem 1.10 The following hold for any cubic hypersurface  in PG(n; 2):
(i) A point y 2 Lc is in the associate L# of a line L if and only if the plane

hy; Li is  -odd.
(ii) A line L is singular if and only if every plane P � L is  -odd.
(iii) The associate of a plane P = ha1; a2; a3i is

P# = HL12 \HL13 \HL23 ;

where Lij = hai; aji and HL = fx 2 PG(n; 2)j fL(x) = 0g: Further, P# is an
s-�at for some s � n� 3; and a point y 2 P c lies in P# if and only if each of
the three planes hy; Liji is odd.
(iv) If P is a  -even plane then P is non-singular and P# is a disjoint

(n� 3)-�at.
(v) If P is a  -odd plane then P# � P ; moreover P# is  -odd.

Proof. (i) This is an instance of theorem 1.9(i); (ii) then follows.
(iii) Since T is alternating and trilinear, if y satis�es the three equations

T (a2; a3; y) = 0; T (a1; a3; y) = 0; T (a1; a2; y) = 0; (1.7)

then y satis�es T (x1; x2; y) = 0 for all x1; x2 2 X: These 3 equations being
linear, it follows that P# is an s-�at for some s � n� 3:
(iv) If the plane P is even then by theorem 1.9(ii) no point y of P can lie in

P#: Hence P# is an s-�at for some s � n� 3: Hence, by (iii), s = n� 3:
(v) If the plane P is odd then theorem 1.9(ii) entails that P# � P; and so

P# is an s-�at for some s � 2: If s > 2 then P# is odd since theorem 1.3 (with
d = 3) entails that every s-�at is odd for s > 2: If s = 2; then P# = P and so
P# odd.

1.2 Cubic hypersurfaces in PG(5; 2)

From now onwards we con�ne our attention to d = 3 and n = 5: From theorem
1.10(iv) we have part (i) of the next theorem, with part (ii) then following from
theorem 1.10(iii).

Theorem 1.11 For any cubic  � PG(5; 2) suppose that P is an even plane.
(i) Then P is non-singular; further P# is a plane which is disjoint from P:
(ii) If P = hp1; p2; p3i suppose that N = hn1; n2; n3i is a plane disjoint from

P such that each of the nine planes hpi; pj ; nki; 1 � i < j � 3; k = 1; 2; 3; is
odd. Then N = P#:

The  -even planes P in PG(5; 2) are thus particularly enticing, If P# also
turns out to be even, then P## (= (P#)#) is a further plane, which is moreover
disjoint from P# (but not necessarily from P ):
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De�nition 1.12 An even plane P of PG(5; 2) is termed faithfully-even if each
of the planes P1 = P#; P2 = P##; :::; Pr+1 = (Pr)

# ::: is also even.

For any faithfully-even plane P in PG(5; 2) we can de�ne an ordered pair
(r; s) of integers r; s; with 0 � r < s; such that the members of the �nite
�#-sequence� P0(= P ); P1; ::: Ps are distinct and such that (Ps)# = Pr: For
example, for a #-sequence of type (1; 2) the planes P; P#; P## are distinct and
P### coincides with P#:

Concerning odd planes in PG(5; 2); part (v) of theorem 1.10 can be strength-
ened as follows.

Theorem 1.13 For any cubic  � PG(5; 2) suppose that P is an odd plane.
Then P# � P and P# is odd; further
(i) if P is non-singular then P is self-associate: P# = P ;
(ii) if P contains just one singular line then P# is a solid;
(iii) if P contains just one pencil of singular lines then P# is a hyperplane;
(iv) if every line L � P is singular then P# = PG(5; 2):

Proof. From theorem 1.10(iii), x 2 P# if and only if fL(x) = 0 holds for
three independent choices of the line L � P:
(i) If no line of P is singular we show now that the three linear forms fL are
linearly independent, and hence that P# is a plane. For since the lines L are
non-singular the forms fL are not the zero form. Further, a linear relation such
as fha1;a2i = fha1;a3i between two of the fL is ruled out, for it would entail that
fha1;a2+a3i is the zero form, that is that P possesses a singular line ha1; a2+a3i:
Finally the linear relation fha1;a2i + fha1;a3i = fha2;a3i between all three fL
is ruled out for it entails that fha1+a2;a2+a3i is the zero form, that is that P
possesses a singular line ha1 + a2; a2 + a3i:
(ii) If P contains just one singular line then there exists just one linear relation
between the three linear forms, whence P# is a 3-�at .
(iii), (iv) These cover similarly the remaining possibilities, namely that (iii)
there are two independent linear relations between the three linear forms, and
(iv) all the fL are zero.

2 Cubic hypersurfaces in PG(5; 2) arising from
partial spreads of planes

We now con�ne attention to certain hypersurfaces  which arise from partial
spreads of planes in PG(5; 2): Consequently we will have frequent need to appeal
to certain basic results concerning such partial spreads which can be found in
[2], [3] and [4]. Often we will pay special attention to the associate of even
planes P; knowing, from theorem 1.11, that P# is then necessarily a disjoint
plane.

2.1 Introduction

If we view V6 as V3 � V3 then a general point z 2 V6 is

z = (x; y) 2 V6 = V3 � V3; x; y 2 V3: (2.1)
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Let A be an element of GL(V3) of order 7 and satisfying A3 = I + A: Since
A is �xed-point-free on PV3 = PG(2; 2) it gives rise, cf. [3, Section 4.1], to the
following plane-spread �9 for PV6 = PG(5; 2) :

�9 = fX;Y; P0; P1; ::: ; P6g (2.2)

upon de�ning the nine planes X;Y; P0; P1; ::: ; P6 of PG(5; 2) by:

X = f(x; 0); x 2 PV3g; Y = f(0; y); y 2 PV3g;
Pr = f(x;Arx); x 2 PV3g; r = 0; 1; 2 ::: ; 6: (2.3)

Upon choosing a point a1 2 PV3 and setting ar+1 = Ara1; r = 0; 1; ::: ; 6; the
49 points underlying the seven planes P0; P1; ::: ; P6 are the points (ai; aj); 1 �
i; j � 7: In detail

Pr = f(ai; ai+r); i = 1; 2; ::: ; 7g; r = 0; 1; 2; 3; 4; 5; 6; (2.4)

X = f(ai; 0); i = 1; 2; ::: ; 7g; Y = f(0; ai); i = 1; 2; ::: ; 7g; (2.5)

where in (2.4) the value of the index i+ r is taken mod7:

Shorthand notation. It helps at times to adopt the shorthand notation ij for
(ai; aj); i0 for (ai; 0) and 0j for (0; aj):

For future reference let us note here a particular subgroup of the symmetry
group G(�9) of the spread �9: Recall that the normalizer in GL(V3) of the Z7
subgroup hAi is a subgroup F21 �= Z7 oZ3 of order 21 which is generated by A
and C where C 2 GL(V3); of order 3, satis�es CAC�1 = A2: Setting �A = A�A
and �C = C�C observe that the group F = h�A;�Ci is a subgroup �= Z7oZ3
of G(�9): for �A stabilizes each plane of �9; while �C stabilizes each of X;Y; P0
and e¤ects the permutations (P1P2P4); (P6P5P3) of the other six planes of �9:
It is known, see [4, Theorem 4.1], that in PG(5; 2) all complete plane-spreads

are projectively equivalent to the spread �9; also if �r; r < 9; is any r-subset of
�9 then all non-maximal partial plane-spreads of size r are projectively equiv-
alent to �r: Further, up to projective equivalence, there is just one kind of
maximal partial spread: it is of size 5 and is represented by

	5 = fX;Y; P0; P1; Sg; (2.6)

where S is one of the seven planes external to X[Y [P0[P1 other than the �ve
planes P2; ::: ; P6: (The plane S is in fact of the form S = f(x;Bx); x 2 PV3g
where B is an element of GL(V3) of order 7 such that A�1B is of order 7 and
AB 6= BA: The other six planes arise by replacing B by AkBA�k; 1 � k � 6:)
From now on we will con�ne our attention to three particular cubic hyper-

surfaces given by the point-sets underlying (a) a partial spread �3 (b) a non-
maximal partial spread �5 and (c) a maximal partial spread 	5: The following
choices of point-set  will prove to be convenient:

(a)  a = X [ Y [ P0
(b)  b = Y [ P1 [ P2 [ P4 [ P0 = (X [ P6 [ P5 [ P3)c (2.7)

(c)  c = X [ Y [ P0 [ P1 [ S:
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That each of these sets  indeed has polynomial degree d = 3 follows quickly
from theorem 1.3. For each  is the union of an odd number of pairwise disjoint
planes, whence jD \  j is odd for any solid D; since a solid in PG(5; 2) meets
every plane in an odd number of points. On the other hand there exist in each
case  -even planes: in the �rst two cases there exist, see (2.2), external planes,
and in the third case it is not di¢ cult to �nd planes which meet  c in 2 and in
4 points. (See [2, Section 5.2].)

Remark 2.1 The 35-set  c is called a double-�ve since, see [2], [3], [4], it
admits two di¤erent decompositions into �ve disjoint planes.

2.2 The case  a = X [ Y [ P0 = S1;2;2
It is worth noting that  a may be viewed as the Segre variety

S1;2;2 = fv 
 w : v 2 PV2; w 2 PV3g; (2.8)

which lies in PG(5; 2) = PV6; and which consists of the 21 decomposable el-
ements of a tensor product space V6 = V2 
 V3: For note that S1;2;2 con-
tains three internal planes, namely P(v 
 V3); v 2 PV2; which may be iden-
ti�ed with the three internal planes X;Y; P0 of  a: The seven internal lines
P(V2 
 w); w 2 PV3; of S1;2;2 are the transversals of the planes X;Y; P0. The
stabilizer G a of  a = S1;2;2 consists of elements of GL(V2 
 V3) of the form
C
D; C 2 GL(V2); D 2 GL(V3) and so G a is isomorphic to GL(2; 2)�GL(3; 2);
of order 6� 168 = 1008:
Worthy of note are two particular elements J;K 2 GL(V3 � V3) de�ned by

J(x; y) = (y; x); K(x; y) = (y; x+ y); x; y 2 V3; (2.9)

and satisfying J2 = I and K3 = I:

Lemma 2.2 Both J and K are elements of G a ; and also of G(�9):

Proof. This follows since J and K e¤ect the following permutations

J : (XY )(P0)(P1P6)(P2P5)(P4P3); K : (XY P0)(P1P2P4)(P3P5P6) (2.10)

of the members of �9: For example, K maps the element (x;Ax) 2 P1 to
(Ax; (I +A)x) = (Ax;A3x); which last is an element of P2:

Notation 2.3 We denote by 
(r)N (n1n2n3)) a G a-orbit of r-�ats of length
j
(r)N (n1n2n3)j = N whose �intersection pattern�with the three internal planes

of  a is n1n2n3 := fn1; n2; n3g: For example the G a-orbit 

(3)
7 (333) consists of

those 7 solids which meet each of the internal planes X;Y; P0 in a line.

There are two G a -orbits of internal lines, namely the 7 transversals 

(1)
7 (111)

of the three planes X; Y; P0; and the (3 � 7 =)21 lines 
(1)21 (300) which lie
inside one of the planes X; Y; P0. Through a line L 2 
(1)21 (300) pass three
lines 2 
(1)7 (111); and these three generate a solid of an orbit 
(3)7 (333): A solid
D 2 
(3)7 (333) is of the form D = H[L0 [L00; where the 9-set H := D\ a is a
hyperbolic quadric in the 3-�at D and where L0; L00 are the two lines of D which
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are external to H: Such external lines L0; L00 form a G a -orbit 

(1)
14 (000): (There

exist in fact a further 168 external lines and these form an orbit 
(1)168(000).)
Of course it is fairly easy to determine all the G a -orbits of �ats. However,

rather than pursuing the full story of the  a-associates of all �ats, we content
ourselves here with reporting just a couple of particularly interesting aspects,
one concerning the singular lines and the other the even planes.
For most lines L it is easy to �nd a plane P � L which is  a-even, whence

by theorem 1.10(ii) L is non-singular. But if L belongs to one of the orbits


(1)
7 (111);


(1)
14 (000) one checks that all 15 planes P � L are odd. Hence we

have the next theorem, from which it follows that there are no singular points:
rad a = ;: Another consequence is that a plane of PG(5; 2) can contain at most
one singular line. (Hence only parts (i) and (ii) of theorem 1.13 are relevant for
P# if P is an odd plane.)

Theorem 2.4 There are precisely 21  a-singular lines in PG(5; 2); namely the
lines L 2 


(1)
7 (111) [ 
(1)14 (000): Moreover these constitute a line-spread for

PG(5; 2):

Amongst the  a-even planes are the planes P which are external to  a =
X [ Y [ P0: Without loss of generality, see [3, Section 4.1], [4, Section 4], we
may assume that such a P is one of the planes Pr = f(x;Arx); x 2 PV3g; r =
1; 2 ::: ; 6; in eq. (2.3), for some element A 2 GL(3; 2) of order 7 and satisfying
A3 = I +A: Since there exist precisely eight Z7-subgroups of GL(3; 2) there are
8� 6 = 48 planes external to  a; forming a G a -orbit 


(2)
48 (000):

Theorem 2.5 If  a and Pr are as in (2.7) and (2.3) then the associates of the
external planes Pr are as follows:

(P1)
# = P2; (P2)

# = P4; (P4)
# = P1; (2.11)

(P6)
# = P5; (P5)

# = P3; (P3)
# = P6: (2.12)

So for any external plane P we have P### = P:

Proof. Knowing from theorem 1.11 that (P1)# is a plane, to show that
(P1)

# = P2 we need to show, see theorem 1.9(i), that the plane hz; Li is  -odd
for each point z 2 P2 and each line L � P1: Because the planes of the spread 2.2
are invariant under the Z7 subgroup of G a generated by �A = A�A; it su¢ ces
to consider just one choice of line L � P1; say L1 := f(a1; a2); (a2; a3); (a4; a5)g
(in the notation of equation (2.4)). Then one sees that:
(a) if z = (a1; a3) 2 P2 then the plane hz; L1i meets S1;2;2 in the three points
(0; a5) 2 Y; (a4; 0) 2 X and (a2; a2) 2 P0;
(b) for the other six points z 2 P2 the plane hz; L1) meets just one of the planes
X;Y; P0:
So indeed hz; Li is  -odd for each point z 2 P2 and each line L � P1; whence
P2 = (P1)

#: On applying to this last relation the element K 2 G a of lemma 2.2
we obtain the other two relations in (2.11). Further the relations (2.12) follow
from the relations (2.11) upon applying the involution J 2 G a ; see (2.10).
Corollary 2.6 The 48 planes external to the Segre variety  a = S1;2;2 �
PG(5; 2) fall into eight pairs of ordered triplets f(R1; S1; U1); (R2; S2; U2)g sat-
isfying  c = R1 [ S1 [ U1 [R2 [ S2 [ U2 and

R#i = Si; S#i = Ui; U#i = Ri; i = 1; 2: (2.13)
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Besides the external planes 
(2)48 (000) one �nds that there are just two further
orbits of even planes, namely 
(2)168(310 and 


(2)
504(110): In order to deal with these

planes of patterns 310 and 110 it will prove convenient to adopt the temporary
notationW1;W2;W3 for the three internal planes X;Y; P0 of  a: Further we will
make a choice of a solid � 2 
(3)7 (333); and also choose a line M 2 
(1)7 (111)
which is disjoint from �: So M = fm1;m2;m3g where fmig =M \Wi:

Theorem 2.7 In the foregoing notation, denote by Li = �\Wi; i = 1; 2; 3; the
three lines of � which belong to the orbit 
(1)21 (300): De�ne planes N1; N2; N3
and N 0

1; N
0
2; N

0
3 as follows:

N1 = hm2; L3i; N2 = hm3; L1i; N3 = hm1; L2i; (2.14)

N 0
1 = hm3; L2i; N 0

2 = hm1; L3i; N 0
3 = hm2; L1i: (2.15)

Then N1; N2; N3 are pairwise disjoint planes of the orbit 

(2)
168(310); and so are

N 0
1; N

0
2; N

0
3: Moreover

(N1)
# = N2; (N2)

# = N3; (N3)
# = N1; (2.16)

(N 0
1)
# = N 0

3; (N 0
2)
# = N 0

1; (N 0
3)
# = N 0

2: (2.17)

Proof. Since N3 meets  in the four points fm1g [L2 of pattern 130; then
N3 2 


(2)
168(310); similarly N1; N2; N

0
1; N

0
2; N

0
3 2 


(2)
168(310): In order to prove

the results (2.16), (2.17) we may without loss of generality suppose that, in
shorthand notation, L1 = f10; 20; 40g; L2 = f01; 02; 04g; L3 = f11; 22; 44g and
M = f30; 03; 33g: Then a straightforward application of theorem 1.11(ii) quickly
con�rms the result (N1)# = N2. From this last result the remaining �ve results
(2.16), (2.17) follow upon applying the symmetries J andK of lemma 2.2. ForK
e¤ects the permutations (L1L2L3) and (m1m2m3); and hence e¤ects (N1N2N3)
and (N 0

1N
0
2N

0
3); while the involution J e¤ects the permutations (L1L2)(L3) and

(m1m2)(m3); and hence e¤ects (N1N 0
2)(N2N

0
1)(N3N

0
3):

Theorem 2.8 In the foregoing notation, let L = fp1; p2; p3g; where fpig =
L\Wi; be one of the three lines of � which belong to the orbit 


(1)
7 (111): Denote

by Ti; i = 1; 2; 3; that tangent to  a which contains pi and which lies in �:
De�ne planes Q1; Q2; Q3 and Q01; Q

0
2; Q

0
3 as follows:

Q1 = hm2; T3i; Q2 = hm3; T1i; Q3 = hm1; T2i; (2.18)

Q01 = hm3; T2i; Q02 = hm1; T3i; Q03 = hm2; T1i: (2.19)

Then Q1; Q2; Q3 are pairwise disjoint planes of the orbit 

(2)
504(110); and so are

Q01; Q
0
2; Q

0
3: Moreover

(Q1)
# = Q2; (Q2)

# = Q3; (Q3)
# = Q1; (2.20)

(Q01)
# = Q03; (Q02)

# = Q01; (Q03)
# = Q02; : (2.21)

Proof. Since Q3 meets  in the two points fm1; p2g of pattern 110; then
Q3 2 
(2)504(110); and similarly Q1; Q2; Q01; Q02; Q03 2 


(2)
504(110): In order to prove

the results (2.20), 2.21 we may, without loss of generality, suppose that, in
shorthand notation, � = h20; 30; 02; 03i; M = f10; 01; 11g and L = f20; 02; 22g;
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whence T1 = f20; 32; 52g; T2 = f02; 23; 25g; T3 = f22; 35; 53g: Then a straight-
forward application of theorem 1.11(ii) quickly con�rms the result (Q 1)

# = Q2:
The remaining �ve results then follow upon applying, cf. the preceding proof,
the symmetries J and K of lemma 2.2.
The next theorem summarizes results in the preceding three theorems.

Theorem 2.9 There are three G a-orbits of even planes in PG(5; 2):



(2)
168(310; 


(2)
504(110); 


(2)
48 (000): (2.22)

If P is any even plane then P; P#; P## are pairwise disjoint planes belonging to
the same G a-orbit; further P### = P: Thus every even plane is faithfully-even,
with #-sequence (0; 2):

Remark 2.10 One should not attribute this property P### = P of even planes
solely to the fact that  a has degree d = 3. For consider the case of the Grass-
mannian variety  = G1;4;2 in PG(9; 2); where d = 5 and so where, see [5,
Corollary 3.2] the analogues of the  a-even planes are the G1;4;2-even 4-�ats in
PG(9; 2): Now it was found in [5, Section 3] (using the de�nition of X# appro-
priate to d = 5) that there exist G1;4;2-even 4-�ats X such that X;X#; X## are
pairwise disjoint even 4-�ats satisfying X### = X:

2.3 The case  b = Y [ P1 [ P2 [ P4 [ P0
We now consider the 35-set  b underlying the non-maximal partial spread �5 =
fY; P1; P2; P4; P0g:

Lemma 2.11 (i) There exists a subgroup A �= Alt(4) of G b which �xes the
plane P0 and e¤ects all even permutations of the four planes fY; P1; P2; P4g:
The normal subgroup N �= (Z2)2 of A is N = fI; J 0; J 00; J 000g where

J 0(x; y) = (A3x+Ay;Ax+A3y);

J 00(x; y) = (A6x+A2y;A2x+A6y);

J 000(x; y) = (A5x+A4y;A4x+A5y): (2.23)

(ii) The subgroup B := h�A;Ni of G b ; of order 28; has the structure Z7 �
(Z2)

2: It acts transitively upon the 7� 4 = 28 internal lines, and also upon the
28 internal points, of the four planes Y; P1; P2; P4:

Proof. (i) Recall from section 2.1 that the element �C 2 G(�9); of order 3,
stabilizes both Y and P0 and e¤ects the permutation (P1P2P4); so �C 2 G b :
De�ning J 0 2 GL(V3�V3) by J 0(x; y) = (A3x+Ay;Ax+A3y) one sees that J 0
is an involution which e¤ects the permutation (Y P2)(P1P4)(P0) of the members
of �5; so J 0 2 G b : The subgroup A := h�C ; J 0i of G b thus has the stated
permutation property. The element �CJ 0 of A is seen to have order 3; and so it
follows, see [1, Table 1], that the group A generated by �C and J 0 is isomorphic
to Alt(4):
Besides J 0 the other two involutions inside A �= Alt(4) are J 00 := �CJ 0�C�1

and J 000 := �C�1J 0�C ; and so are as stated in (2.23).
(ii) Since �A commutes with J 0; J 00 and J 000 in (2.23) the subgroup B has the

stated direct product structure. The rest follows since by part (i) N is transitive
upon the four planes Y; P1; P2; P4 while h�Ai �= Z7 is transitive upon the lines,
and also the points, of each of these four planes.
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Remark 2.12 Setting y = x in (2.23) we see, since A3 + A = I; that all
three involutions in N �x the plane P0 pointwise. Moreover observe that the
involution J; see (2.9), not only �xes the plane P0 pointwise but also centralizes
N : In fact the seven involutions of the subgroup hJ;Ni �= (Z2)

3 of G(�9) are
precisely those involutions of G(�9) which stabilize the plane P0:

Theorem 2.13 If  b is the 35-set underlying the non-maximal partial spread
�5 = fY; P1; P2; P4; P0g then
(i) every line L of the plane P0 is  b-singular;
(ii) the lines of the other four planes of �5 are all non-singular.

Proof. (i) In shorthand notation let D be the solid h01; 02; 12; 23i and
observe that D is disjoint from the line L = f22; 33; 55g � P0: Hence the
�fteen planes P which contain L are the �fteen planes hp; Li; p 2 D: By a
straightforward check we �nd that all �fteen planes are  b-odd, with twelve
meeting  b in 5 points, one in 3 points and two (P0 and one other) being
internal to  b: Hence, by theorem 1.10(ii), L is singular. The same is true for
all 7 lines of P0; since these form a single orbit under the action of the subgroup
h�Ai �= Z7 of G b :
(ii) By lemma 2.11(ii) the 28 internal lines of the four planes Y; P1; P2; P4

lie on the same G b -orbit, so it su¢ ces to check that just one of them is non-
singular. In shorthand notation consider the line L = f01; 02; 04g � Y and
observe that the plane h30; Li is even, meeting  b in the four points f34g [ L:

The author was on the verge of being surprised by the fact that for any
non-maximal partial plane-spread �5 in PG(5; 2) one plane of �5 is thus singled
out as being that unique plane of �5 which is singular. But then he recalled
that eleven years ago he had, in talks delivered at the Pythagorean and Italian
Combinatorics conferences in 1996 (see [3, Theorem 4.3] and [4, Theorem 4.2]),
uncovered the existence of a privileged plane, as described in part (i) of the next
theorem. It was then hardly a surprise to �nd that this privileged plane of �5
coincided with the singular plane of �5:

Theorem 2.14 (i) Any non-maximal partial spread �5 of 5 planes in PG(5; 2)
possesses a privileged member, say W� 2 �5; such that each of the 7 further
internal planes Si of  b (see after (2.6)) meets W� in a line and meets each of
the four other planes W 2 �5 in a point. The 7 lines Si \W� are distinct, as
are the 28 points Si \W; i = 0; 1; ::: 6; W 2 �5 n fW�g:
(ii) If  is the underlying 35-set of �5 then the privileged plane of �5 is that

plane of �5 which is  -singular.

Proof. (i) See [4, Theorem 4.2].
(ii) If  b and �5 is as in theorem 2.13 then P0 must be the privileged plane

of �5 since it is the only plane of �5 �xed by the subgroup N of G b : (Aliter:
see [4, after eq. (4.23)].)

Remark 2.15 Consider the following 4 + 1 + 4 partition of the spread �9:

�9 = �4[fP0g[�04; where �4 = fY; P1; P2; P4g; �04 = fX;P6; P5; P3g: (2.24)

It is known, see [3, Section 4], that P0 is the privileged plane of both �5 = �4 [
fP0g and �05 = �04 [ fP0g; and that the symmetry groups G(�4);G(�5);G(�04)
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and G(�05) are all equal to G b : Further the full stabilizer of  b is

G b = h�A;Ai �= (Z7 � (Z2)2)o Z3; (2.25)

moreover the subgroup G(�4;�04) of G(�9) consisting of all those elements which
preserve the 4 + 1 + 4 partition (2.24) is the following direct product:

G(�4;�04) = G b � hJi: (2.26)

Here the involution J of (2.9) e¤ects the interchanges �4 � �04 and �5 � �05
via its e¤ect (XY )(P0)(P1P6)(P2P5)(P4P3); see (2.10), on the planes of �9:

Theorem 2.16 As previously let  b be the 35-set underlying the non-maximal
partial spread �5 = fY; P1; P2; P4; P0g whose (unique) extension to a complete
spread �9 is as in (2.24). Then
(i) (P0)# = PG(5; 2);
(ii) if P 2 �4 := �5 n fP0g then P is self-associate: P# = P ;
(iii) if P 2 �04 := �9 n �5 then P# = J(P ); where J is as in (2.26).

Proof. (i) This follows immediately from theorems 2.13(i) and 1.13(iv).
(ii) This follows immediately from theorems 2.13(ii) and 1.13(i).
(iii) First let us check that X# = Y: Since X is an even plane, we know

from theorem 1.11 that X# is a plane disjoint from X. Now X is stabilized by
the element �C 2 G b ; moreover the only other two planes in PG(5; 2) which
are stabilized by �C are P0 and Y: Hence either X# = Y or X# = P0: The
last possibility is easily ruled out: for example, in shorthand notation, the plane
R = hp; Li joining the point p = 77 of P0 to the line L = h10; 20i of X is even,
meeting  b in the four points f77; 37; 57:67g. Consequently P# = J(P ) holds
in the case of X 2 �4: Since J centralizes the subgroup N of G b ; and since N
is transitive on the four planes �4; result (iii) follows.
Note that in the present  =  b case the even planes P 2 �04 are thus very

far from being faithfully even, since their �rst associate P# is odd.

The next theorem relates the privileged plane of a non-maximal partial
spread �5 to the  a-associate of section 2.2.

Theorem 2.17 Suppose that �4 is any partial spread of four planes in PG(5; 2):
Let �9 = �4[�5 be its unique extension to a complete spread. Choosing P 2 �4;
let  a denote the underlying 21-set of the three planes �4 n fPg and use  a to
de�ne the associate X# of a �at X of PG(5; 2): Then the privileged plane of �5
is P##:

Proof. If �4 = fX;Y; P0; P1g then, see [4, Theorem 4.3, Proof], the priv-
ileged plane of �5 is P4: But, see theorem 2.5, for  a = X [ Y [ P0 we have
P4 = P##1 :

2.4 The case  c of a double-�ve of planes

In [2] the 35-set  c � PG(5; 2) was constructed starting out from a regular
icosahedron whose faces were coloured in two enantiomorphic ways � the two
colourings being related to two decompositions  c = �1 [�2 [�3 [�4 [�5 and
 c = �1 [ �2 [ �3 [ �4 [ �5 of  c into mutually disjoint planes, each set of �ve
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planes being a maximal partial spread. The symmetry group of  c is icosahedral:
G c �= Alt(5)�Z2: As noted after eq. (2.7) it has a cubic equation Q(x) = 0: In
[3, Section 2] can be found the explicit cubic polynomial Q, and its associated
alternating trilinear form T; using an appropriate choice of coordinates. Also
in [3, Section 2] it is shown that there exists a G c -invariant non-degenerate
symplectic form x:y on V6, with respect to which each plane �r; and each plane
�r; is self-polar: (�r)? = �r; (�r)

? = �r.
As discussed in [8, Section 2.6] the intricate geometric structure of the set

 c seems to hold out considerable promise for interesting results concerning the
 c-associate of �ats. However, as partly spelled out in the next theorem, and
ensuing remarks, these initial hopes appear not to be borne out, due to the
existence of a (unique) �xed point u of G c ; termed the nucleus of  c: (In fact
the hyperplane u:x = 0 meets  c in a parabolic quadric P4 whose nucleus is u:)

Theorem 2.18 (i) The nucleus u of a double-�ve  c is a singular point.
(ii) If U is any �at in PG(5; 2) then U# passes through u:
(iii) If P is any  c-even plane in PG(5; 2) then P# is an odd plane. (So no

plane in PG(5; 2) is faithfully even.)
(iv) If P is any  c-odd plane then P is singular.

Proof. (i) As noted in [3, Section 2.2, Remark (i)], T (x; y; u) = 0 for all
x; y 2 V6:
(ii) This follows immediately from the de�nition of U# in (1.3).
(iii) From (ii), and from theorem 1.11(i), we know that P# is a plane con-

taining u: From (1.2) it follows that
P
v2P#Q(v) = 0; and hence that P# is

odd.
(iv) If u 2 P then of course P contains the pencil of singular lines through

u: Suppose u =2 P . Then by (ii) u 2 P#; but by theorem 1.13 P# � P and
hence P# 6= P: So, by theorem 1.13, P can not be non-singular.

Remark 2.19 If P is an odd plane and u =2 P then by part (iv) P must contain
a singular line L with u =2 L: In the case where P = �r or P = �r then
L = �r := �r \ �r is the only singular line, and so, by theorem 1.13(ii) and
theorem 2.18(ii), it follows that P# = hu; P i: (Cf. P? = P:)
Observe also that, since every line of the plane Q := hu; �ri is thus singular,

it follows, see theorem 2.18(iv), that Q# = PG(5; 2):

Remark 2.20 If P is any  c-even plane in PG(5; 2); and so, by the theorem,
P# is an odd plane containing u; then P# contains a pencil of singular lines
through u: Hence, from theorem 1.13, it follows that P## is a hyperplane, or
possibly the whole of PG(5; 2):
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