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Abstract

Constructions are given of di¤erent kinds of �ats in the projective
space PG(9; 2) = P(^2V (5; 2)) which are external to the Grassmannian
G1;4;2 of lines of PG(4; 2): In particular it is shown that there exist
precisely two GL(5; 2)-orbits of external 4-�ats, each with stabilizer
group �= 31:5. (No 5-�at is external.) For each k = 1; 2; 3; two distinct
kinds of external k-�ats are simply constructed out of certain partial
spreads in PG(4; 2) of size k + 2: A third kind of external plane, with
stabilizer �= 23 : (7 :3); is also shown to exist. With the aid of a certain
�key counting lemma�, it is proved that the foregoing amounts to a
complete classi�cation of external �ats.

1 Introduction

1.1 Linearity in the presence of nonlinearity

Let H be a hypersurface in PG(N; q) determined by a (homogeneous) poly-
nomial equation F (x0; x1; :::; xN ) = 0; say. Then one can pose the problem
of classifying those �ats which are maximal subject to being internal to H;
and those which are maximal subject to being external to H. In the case
degF = 2 the internal problem was solved a long time ago. In particular a
non-singular hyperbolic quadric H in PG(N; q) is known to have precisely
two distinct families of maximal internal �ats, each consisting of �ats of
dimension 1

2(N � 1):
For degF > 2, however, the problem becomes in general much harder.

Nevertheless, precisely because it is di¢ cult for linearity to secure a place
in a highly nonlinear situation, we feel that any such success carries with
it the prospect of some interesting mathematics. As an example, consider
the problem of classifying the linear sections of GL(n; q): Here we deal with
the hypersurface H; whose equation detA = 0; A 2 EndV (n; q), has degree
n; which lies in the projective space PG(n2 � 1; q) = P( EndV (n; q)), and
we seek to classify those �ats which are external to H. It seems to us that
this is a genuinely tough problem! For even for the small n and q values

1



(n; q) = (4; 2) the complete story was not easy to unravel (see [4]). For the
description of a particularly interesting maximal linear section of GL(4; 2);
which lies inside an Alt(7) subgroup of GL(4; 2) �= Alt(8); see [14].

In the present paper we will be chie�y concerned with those �ats in
PG(9; 2) = P(^2V (5; 2)) which are external to the Grassmannian G1;4;2 aris-
ing from the 155 lines of PG(4; 2) = P(V (5; 2)): The general Grassmannian
Gr;n;q of the r-spaces of PG(n; q) is usually thought of as the algebraic va-
riety arising from certain well-known quadratic Grassmann conditions. In
particular, in the case (n; q) = (4; 2); the Grassmannian G1;4;2 is usually
thought of as the variety in PG(9; 2) determined by the simultaneous so-
lutions of the �ve distinct quadratic conditions bijbkl + bikbjl + bilbjk =
0; fi; j; k; lg � f1; 2; 3; 4; 5g: Here the bij(= bji) are the coordinates of
a bivector b 2 V10 = V5 ^ V5; V5 = V (5; 2); with respect to a product
basisfei ^ ejg1�i<j�5: Since any algebraic variety in PG(N; q) is in fact a
hypersurface, see [7, Lemma 3.2], the Grassmannian G1;4;2 is alternatively
described as the locus F (b12; b13; :::; b45) = 0 for a certain single polynomial
F in the 10 coordinates bij . It was proved in [9] that in this case degF = 5:
The next theorem is a consequence of this fact. (For a di¤erent proof, with-
out appeal to the quintic equation of G1;4;2; see theorem 1.3.)

Theorem 1.1 No 5-�at in PG(4; 2) is external to G1;4;2:

Proof. By the particular case r = 5 of the theorem in [13], every 5-�at
intersects G1;4;2 in an odd number of points.

1.2 Bivectors

For the moment let V be any �nite-dimensional vector space and consider its
associated space ^2V of bivectors. Recall the natural action of G := GL(V )
upon ^2V : each A 2 G gives rise to a corresponding element TA = ^2A
of GL(^2V ) whose e¤ect on the decomposable bivectors u ^ v 2 V ^ V is
given by TA(u ^ v) = Au ^ Av: If X is any object in ^2V its stabilizer GX
is the subgroup of G de�ned by GX = fA jA 2 G; TA(X) = Xg: Under this
action T of GL(V ) the orbit structure of the bivector space ^2V is well-
known: if V has dimension 2k or 2k+1; then there are k+1 distinct orbits
fRk2r; r = 0; 1; ::: ; kg: Here Rk2r = Rk2r(V ) consists of those bivectors
having rank 2r; a bivector b having rank 2r > 0 if and only if there exist
linearly independent vectors e1; ::: ; e2r such that b = e1^e2+ ::: +e2r�1^e2r:

From now we work over GF(2); and so we may identify the nonzero
elements of a vector space V = V (n + 1; 2) = Vn+1 with the points of
the associated projective space PV = PG(n; 2): Consequently, for r > 0; we
may view the orbit Rk2r(V ) as a subset, to be denoted Rk2r(n; 2); of the
projective space PG(N; 2) = P(^2V ) where N = 1

2n(n+ 1)� 1:
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We use � u; v; ::: � for the vector subspace spanned by u; v; ::: : The
Grassmann map � u; v �7!� u ^ v � sends the 2-spaces of V to those
1-spaces of ^2V which are spanned by decomposable bivectors. Projec-
tively the lines of PG(n; 2) are mapped onto the points of Rk2(V ) = G1;n;2:
Throughout this paper the images in G1;n;2 � PG(N; 2) of lines �; �; �; �
in PG(n; 2) will be denoted l;m; n; t: It is easy to see that fm1;m2;m3g is
a line lying on G1;n;2 if and only if f�1; �2; �3g is a pencil (a; �) of lines in
PG(n; 2); consisting of those three lines �i of the plane � which pass through
the point a 2 �:

Note. In order to keep the paper to a manageable size, some of the longer
proofs have been omitted � but they can all be accessed in the research
reports [10] and [11].

1.3 The Grassmannian G1;4;2
The case n = 3 of the foregoing, namely that of the Grassmannian G1;3;2 �
PG(5; 2) arising from the 35 lines of PG(3; 2); is of course extremely well-
known, [6]. See appendix A.1 for some aspects of relevance to our present
concerns.

But from now onwards our starting space will be V5 = V (5; 2); along
with its associated projective space PG(4; 2); and we will be concerned with
the corresponding bivector space V10 = V (10; 2) = V5 ^ V5; and with its
associated projective space PG(9; 2) = P(V10): Note that under the action T
of G := GL(5; 2); the projective space PG(9; 2) (= V10�f0g) is the disjoint
union of just two G-orbits:

PG(9; 2) = Rk2(4; 2) [ Rk4(4; 2) (where Rk2(4; 2) = G1;4;2): (1.1)

Usually these two orbits will be abbreviated as Rk2 and Rk4 : Of course
jRk2 j = 155 (the number of lines in PG(4; 2)); and so jRk4 j = 1023�155 =
868: In the following, the terms internal, external, tangent and bisecant
usually refer to the Grassmannian Rk2 = G1;4;2:

1.3.1 A useful partition of Rk4

As well as the 155 + 868 partition of PG(9; 2) given by (1.1), of great im-
portance (see for example theorem 1.3 below) will be a certain partition of
the 868 points of Rk4 into 31 subsets of size 28, which arises from the 31
solids of PG(4; 2). For observe that each solid � = P(V4) in PG(4; 2) de�nes
a 5-�at �(�) = P(^2V4) in PG(9; 2); and so, upon de�ning

H(�) = �(�) \ Rk2 and W(�) = �(�) \ Rk4; (1.2)

the 63 points of �(�) consist of the 35 points of a hyperbolic quadric H(�) =
Rk2(V4) = G1;3;2 together with the 28 points W(�) which are external to
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H(�): Now an element b 2 Rk4 determines a solid � = im b � PG(4; 2) and
also a point k = ker b of the dual space PG(4; 2)� = P(V �5 ); where

im b := fb x f j f 2 PG(4; 2)�g; ker b := ff 2 PG(4; 2)� j b x f = 0 g:
(1.3)

(Here x is �right interior multiplication�; in terms of coordinates, using a basis
in V � dual to the basis in V; the equation v = bxf reads vi =

P
j bijfj :)

Note that the solid � has equation k(x) = 0:
Since b 2 W(�) if and only if im b = �; it follows that the subsets W(�);

� a solid in PG(4; 2); yield a partition of the 868 points of Rk4 into 31
subsets of size 28: 868 = 31� 28:

De�nition 1.2 An external line which lies inside one of the 28-sets W(�)
will be called a special line; the other external lines, which meet three distinct
W(�); will be referred to as general lines. An external plane which contains
a special line will be called a special plane; the other external planes, which
meet seven distinct W(�); will be referred to as general planes. Similarly
general solids are external solids which contain no special lines, and special
solids contain at least one special line.

We do not apply this special/general terminology to external 4-�ats be-
cause, by the next theorem, no external 4-�at contains a special line: every
external 4-�at is �general�.

Theorem 1.3 (i) An external 4-�at E meets each W(�) in precisely one
point.

(ii) A special line possesses no extensions to an external 4-�at E.
(iii) External 5-�ats do not exist; external 4-�ats do exist.

Proof. (i) In PG(9; 2) a 4-�at meets a 5-�at in at least one point. So E
meets each of the thirty-one W(�) in at least one point. But jEj = 31.

(ii) By (i), E cannot meet W(�) in a line.
(iii) Within PG(9; 2) any 5-�at meets each 5-�at �(�) in at least a line.

So an external 5-�at F would meet each of the thirty-one W(�) in at least
three points. The assumption that F exists thus leads to a contradiction:
31� 3 = 93; yet jF j = 63: (See theorem 1.1 for another proof.) See section
3 below for two constructions of external 4-�ats.

1.4 Classi�cation of the lines in P(^2V5)
First of all we consider the lines in PG(9; 2) through a particular point
b 2 Rk4. Recall that b lies in W(�) for precisely one choice of solid � =
im b � PG(4; 2): It should also be noted that the stabilizer Gb of b within
GL(5; 2) has the structure Gb �= 24 : Sym(6): This comes about because Gb
contains a normal subgroup �= (Z2)4; consisting of those transvections which
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�x � pointwise, and since the stabilizer of b within GL(4; 2) is, see remark
A.2, a subgroup Sp(4; 2) �= Sym(6): The following lemma is relevant to our
immediate concerns, but it will also be of use in the proof of theorem 2.8.
To prove it one makes use of the symplectic polarities in � and �0 induced
by b and b0; and considers the polar points �b and �b

0
; see (A.2), of the plane

� = � \ �0; see [10] for further details.

Lemma 1.4 ([10]) Given b 2 W(�); and given �0 6= �; consider the 28
lines hb; b0i through b which arise from the 28 choices of b0 2 W(�0). For
precisely four of these choices the line hb; b0i is a tangent to Rk2; and for the
remaining twenty-four choices the line hb; b0i is a general line.

The 511 lines in PG(9; 2) which pass through the point b 2 W(�) are:
(a) 10 bisecants (the 10 bisecants to H(�));
(b) 15 tangents to H(�);
(c) 120 tangents to the 120 points of Rk2�H(�);
(d) 6 special lines (the other 6 lines through b lying in �(�);
(e) 360 (= 511� 10� 15� 120� 6) general lines.
Concerning (a), (b), (d), see appendix A.1. Concerning (c), (e), the stated
numbers follow from lemma 1.4. For �rstly there exist 4 points b0 in each of
the 30 W(�0); �0 6= �; such that hb; b0i is a tangent: 4� 30 = 120: Secondly
there exist 24 points b0 in each of the 30 W(�0); �0 6= �; such that hb; b0i is a
general line: (24 � 30) � 2 = 360: (The fact that the 120 tangents (c) have
uniform intersection number 4 with the 30 W(�0); �0 6= �; follows also from
the fact that Gb �= 24 : Sym(6) is transitive on the 30 solids �0 6= �:)

Next consider the 511 lines through a point m 2 Rk2. Note that m will
lie in H(�) for 7 choices of � (since a line � in PG(4; 2) lies in 7 solids).
For m in H(�) consider the 31 lines through m which lie in �(�). Of these,
9 are internal to H(�), since � belongs to 9 pencils in �. So there are
35� 18� 1 = 16 points of H(�) not on these 9 internal lines. Hence m lies
on 16 bisecants in �(�). The remaining 31 � 9 � 16 = 6 lines are tangents
in �(�). It follows that through m pass:
(a) 21 internal lines (since � belongs to 21 pencils in PG(4; 2));
(b) 112 bisecants, 16 for each of the 7 H(�) in the preamble;
(c) 42 tangents which lie in some �(�), 6 for each of the 7 H(�);
(d) 336 (= 511� 21� 112� 42) other tangents.
As an arithmetical check, note that the bisecants (b) and the tangents (c)
account for all 28 points of each of seven W(�), for � as in the preamble.
Considering the remaining 24 W(�); note that each of the 336 tangents (d)
accounts for 2 of their points. Now we have the check 336� 2 = 24� 28:

In consequence of the foregoing, the 174,251 lines in PG(9; 2) can be
classi�ed as follows:
(i) 1085 internal lines; (ii) 8680 bisecants;
(iii) 6510 tangents which lie in some �(�); (iv) 52080 other tangents;
(v) 1736 special external lines; (vi) 104,160 general external lines.
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Remark 1.5 These six classes are in fact the six distinct GL(5; 2)-orbits of
lines in PG(9; 2): Concerning the lines ( v), recall from lemma A.1 that each
of the 31 W(�) contributes 56 special lines: 31� 56 = 1736: Noting, by the
same lemma, that the stabilizer within GL(4; 2) of a special line L � W(�)
has structure (Alt(5)�3):2; the stabilizer GL within GL(5; 2) is seen to have
the structure GL �= 24 : f(Alt(5)�3):2g; since GL contains a normal subgroup
�= (Z2)4 consisting of those transvections which �x � pointwise. Concerning
the general lines ( vi), see theorem 2.8: they form a single GL(5; 2)-orbit,
and have stabilizer group �= Sym(4)� Z2.

2 The even hyperplane construction of external
k-�ats, 0 � k � 3; from partial spreads

The internal �ats of G1;4;2 are well understood. The maximal ones are of two
kinds, Greek planes and Latin solids. The 7 lines of a plane � � PG(4; 2)
map onto the 7 points of a �Greek�plane P (�) � G1;4;2; and the 15 lines of
PG(4; 2) which pass through the point a; forming let us say the star st(a);
map onto the 15 points of a �Latin�solid, say St(a) � G1;4;2:

So from now onwards we concentrate upon the external �ats. Our normal
notation for a chain of �ats in PG(9; 2) of (projective) dimensions 1; 2; 3; 4; 5
will be L � P � D � E � F: Usually the 4-�at E in such a chain will
be external; in which case, because of theorem 1.3, L; P; D will be general
k-�ats, k = 1; 2; 3:

Given a partial spread Sr = f�1; ::: ; �rg in PG(4; 2); let the corre-
sponding r-set of points of Rk2 � PG(9; 2) be Cr = fm1; :::: ;mrg: For
1 � i < j < ::: � r we de�ne mij = mi + mj ; mijk = mi + mj + mj ;
.... , m� = m12:::r =

Pr
i=1mi: One should be aware that some of these

vectors may be zero, and that coincidences may therefore occur amongst
the points (= nonzero vectors). For example, if S5 = f�1; ::: ; �5g is a
spread for a solid � � PG(4; 2) then, see lemma A.1(iv), m� = 0; whence
m123 = m45; m1234 = m5; etc.

Lemma 2.1 ([10]) (i) Cr is a r-cap: no three points of Cr are collinear.
(ii) All of the points mij are external points.
(iii) All of the points mijk are external points.
(iv) The

�
r
2

�
points mij are distinct.

In the foregoing setting we will be particularly concerned with the pro-
jective space E(Cr) := hCrieven which is generated by the

�
r
2

�
points mij : In

cases where m1; ... ,mr are linearly independent, note that hCrieven is the
even hyperplane of the basis fm1; :::;mrg for hCri; it is the unique hyperplane
in hCri which contains no element of Cr; and so, amongst the hyperplanes in
hCri; only E(Cr) is a candidate for being an external �at.
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In seeking those partial spreads Sr in PG(4; 2) for which E(Cr) is an
external �at we are in the fortunate position of having available a complete
classi�cation of all the partial spreads: see [5], where tables can be found
giving details of all of the 64 GL(5; 2)-orbits (classes) of partial spreads Sr
in PG(4; 2) of size r � 1: (The corresponding classi�cation in PG(4; q) is not
known for any other value of q:) One invariant of a partial spread Sr is the
number of reguli which it contains. In [5] the reguli (any 3 mutually skew
lines lying in some solid) are allocated to class IIIa.1, while the non-reguli
(any 3 mutually skew lines which generate the whole space PG(4; 2)) are
allocated to class IIIb.1. If Sr contains just one regulus it said to be of type
I, and if it is regulus-free it said to be of type O. These two kinds of partial
spread will be of particular concern to us, see after lemma 2.4. Concerning
type O, we read o¤ from [5, Tables B.2a, B.2b ] that there are 12 classes of
regulus-free partial spreads Sr of size r � 3; namely those labelled IIIa.1;
IVa.1, IVb.1; Va.1, Vb.1, Vc.1, Vd.1, Ve.1; VIa.1, VIb.1, VIIa.1, VIIIa.1 (the
size r being indicated by the corresponding Roman numeral). [Note: In the
following we will also use the same labels for the corresponding GL(5; 2)-
orbits (classes) of r-caps.]

Remark 2.2 The elements mi of an r-cap Cr = fm1; ::: ;mrg which arises
as the Grassmann image of a partial spread Sr are not always linearly in-
dependent. A smallest cap Cr where the mi are dependent will have m� =
m12 ::: r = 0: Now, since all of the mij and mijk are external points, m� 6= 0
for any Cr with r < 5: For the ten classes of partial spreads S5 listed in [5]
we �nd that m� = 0 in just two cases
(i) class Va.1: S5 is a spread on a parabolic quadric � PG(4; 2);
(ii) class Vj.1: S5 is a spread on a solid � PG(4; 2); see lemma A.1(iv).
If Sr; r > 5; contains a S5 2 class Va.1, then accordingly there exist �ve
elements of Cr which satisfy a linear relation. (No Sr; r > 5; contains a
S5 2 class Vj.1: a spread on a solid � PG(4; 2) is clearly a maximal par-
tial spread in PG(4; 2):) In fact, with one exception, linear relations for a Cr
with r > 5 exist only if Sr is an extension of a spread on a parabolic quadric.
The exception occurs for r = 8 with S8 regulus-free, of class VIIIa.1; for this
case the eight elements of C8 satisfy, see [12, Lemma 3.1], the single linear
relation m� = 0:

Lemma 2.3 If the 3-cap C3 arises from a partial spread S3 then E(C3) is
an external line which is special or general according as S3 is a regulus or a
non-regulus .

Proof. The three points m12;m13;m23 form an external line L: If S3 is
a regulus lying in a solid �; each of im(mij) = �; so each mij 2 W(�): If S3
is a non-regulus then the im(mij) are three distinct solids.

Lemma 2.4 An external �at X contains at most one special line.
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Proof. Suppose to the contrary that X contains two distinct special
lines, L � W(�) and L0 � W(�0): Then � 6= �0; since W(�) contains no
planes. Consider the plane � = � \ �0 � PG(4; 2): Recall (A.2) and note
that the three polar points �b; b 2 L; form a line � � �; and the three polar
points �b

0
; b0 2 L0; form a line �0 � �: Consequently there exists b 2 L and

b0 2 L0 such that �b = �b
0
; whence, see [10, proof of lemma 2.3], hb; b0i is a

tangent � contradicting the assumption that X is external.
As an immediate consequence of these last two lemmas we have: for

E(Cr) to be an external �at it is necessary for the partial spread Sr to contain
at most one regulus, that is to be of type O or of type I.

First let us look at those E(Cr); r � 2; for which Sr is regulus-free, such
E(Cr) being the only candidates for a general �at.

Theorem 2.5 Given a regulus-free partial spread Sr; r � 2; in PG(4; 2); let
E(Cr) = hCrieven be de�ned as previously. Then E(Cr) is an external �at if
and only if one of the following holds:

(o) r = 2; E(C2) is an external point;
(i) r = 3 and S3 2 class IIIa.1; E(C3) is a general line;
(ii) r = 4 and S4 2 class IVb.1; E(C4) is a general plane;
(iii) r = 5 and S5 2 class Ve.1; E(C5) is a general solid:

Proof. A straightforward check of the 12 regulus-free classes (for r � 3)
described in [5, Table B.2] reveals that E(Cr) is an external �at only for the
four listed cases (case (i) being that of the non-reguli of lemma 2.3). For
example, if S4 is in class IVa.1, then we �nd that E(C4) is a plane which is
not external, since it is tangent to Rk2 at the point m� = m1234:

Remark 2.6 If E(C5) is a general solid, then it follows that E(C4) is a
general plane for each 4-subset C4 of C5: Note that the properties of partial
spreads �t in nicely with cases (ii) and (iii) in the theorem: for of the partial
spreads S5 of size 5, only those of class Ve.1, see [5, lead-in to eq.(3.24)],
have the property that S5�f�ig is of class IVb.1 for each �i 2 S5:

A description of the three classes IIIa.1, IVb.1 and Ve.1 of regulus-free
partial spreads, and of their stabilizer groups, is given in appendix A.2.

Remark 2.7 For k = 1; 2; 3 the distinct GL(5; 2)-orbits of external k-�ats
in PG(9; 2) will be denoted orb(k�); orb(k�); ::: . Since each of the classes
IIIa.1, IVb.1, Ve.1 of partial spreads is a GL(5; 2)-orbit, the general �ats in
parts (i), (ii) and (iii) of the theorem form single GL(5; 2)-orbits. In each
case let us agree to label the orbit as the alpha orbit: (i) E(C3) 2 orb(1�);
(ii) E(C4) 2 orb(2�); (iii) E(C5) 2 orb(3�):

Concerning case (o) in the theorem, every external point arises in this
way, since Rk4 is a single GL(5; 2)-orbit. Moreover, see eq. (A.1), for any
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external point b we have E(C2) = hbi for precisely ten choices of 2-cap C2:
Recall also that Gb �= 24 : Sym(6): For cases (i) and (ii), the corresponding
facts are as described in the next two theorems.

Theorem 2.8 ([10]) (i) All general lines belong to the orbit orb(1�).
(ii) A general line L can be expressed as L = E(C3) for precisely two

choices of non-regulus S3: If S3 is one choice, then its twin S�3 ; see appendix
A.2(i), is the only other choice.

(iii) The stabilizer GL of L is of order 96, and contains, as a subgroup
of index 2, the common stabilizer GS3 = GS�3 �= Sym(4)� Z2 of S3 and S

�
3 :

Proof. (i), (ii) See [10, Theorem 3.6], where use is made of lemma 1.4.
(iii) Use lemma A.3.

Theorem 2.9 ([10]) (i) A plane P 2 orb(2�) can be expressed in the form
P = E(C4) of theorem 2.5(ii) for a uniquely determined 4-cap C4 of class
IVb.1.

(ii) The stabilizer GP of P is isomorphic to Sym(3): In its action upon
P; the group GP �xes a privileged anti�ag (b; L) in P ; equivalently worded,
GP �xes a privileged conic whose nucleus is b and whose external line is L:

Proof. Omitted, see [10]. Concerning GP �= Sym(3); this follows from
GS4 �= Sym(3); see appendix A.2(ii), granted the bijective correspondence in
part (i).

Next let us look at those E(Cr); r � 3; for which Sr is of type I, such
E(Cr) being the only even hyperplanes which are candidates for a special
�at. Corresponding to theorem 2.5 we obtain the next theorem, with case
(i) being that of the reguli of lemma 2.3.

Theorem 2.10 Given a partial spread Sr; r � 3; in PG(4; 2) of type I, let
E(Cr) = hCrieven be de�ned as previously. Then E(Cr) is an external �at if
and only if one of the following holds:

(i) r = 3 and S3 2 class IIIb.1; E(C3) is a special line;
(ii) r = 4 and S4 2 class IVc.1; E(C4) is a special plane;
(iii) r = 5 and S5 2 class Vg.1; E(C5) is a special solid:

Since each of the classes IIIb.1, IVc.1, Vg.1 of partial spreads is a
GL(5; 2)-orbit, the special �ats in parts (i), (ii) and (iii) of the theorem
form single GL(5; 2)-orbits. In each case let us agree to label the orbit as the
beta orbit: (i) E(C3) 2 orb(1�); (ii) E(C4) 2 orb(2�); (iii) E(C5) 2 orb(3�):

Theorem 2.11 If S is a partial spread in PG(4; 2); and if C is the corre-
sponding cap on Rk2; then E(C) is an external �at if and only if S is in one
of the following classes: IIa.1, IIIa.1, IIIb.1, IVb.1, IVc.1, Ve.1, Vg.1.

Proof. Immediate, from lemmas 2.3, 2.4 and theorems 2.5 and 2.10.
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3 External 4-�ats and their N(Z31)-construction

Consider a 5-cap C = fm1; ::: ;m5g which arises from a partial spread S of
class Ve.1. Then, see eq. (A.10), GC = hBi �= Z5: Now GC determines (i) an
anti�ag (u; �) in PG(4; 2); the unique anti�ag which is �xed by B; and (ii) a
special line L = fp; p0; p00g � W(�); where p; p0 and p00 are the 3 �xed points
of TB = ^2B in PG(9; 2): Since m� =

P5
i=1mi is clearly �xed by TB; we

may as well take p to be m�:
In the next theorem (see [10] for its proof), we consider the extensions

to external 4-�ats of the general solid D = E(C) of theorem 2.5(iii). Recall,
remark 2.7, that such solids form the single orbit, orb(3�):

Theorem 3.1 ([10]) (i) The solid D = E(C) has precisely two extensions
E0 and E00 to an external 4-�at, namely

E0 = hp0; Di and E00 = hp00; Di: (3.1)

(ii) Each D 2 orb(3�) can be expressed as D = E(C) for a uniquely
determined 5-cap C of class Ve.1.

(iii) (a) GD = GC = hBi �= Z5; (b) GD � GE0 \ GE00 :
(iv) The 5-�at F = hE0; E00i = hL;Di also has stabilizer GF = hBi �= Z5:

Theorem 3.2 Let E be any external 4-�at and let F be any 5-�at which
contains E. Put CF = F \ Rk2; and let SF be the corresponding line-set in
PG(4; 2): Then

(i) CF is a cap, and SF is a regulus-free partial spread;
(ii) if F 6= F 0 then CF \ CF 0 = ;;
(iii) fSF jF a 5-�at � Eg is a partition of the 155 lines of PG(4; 2);
(iv) for each 5-�at F � E; jCF j = 5;
(v) SF is of class Ve.1 and GCF �= Z5:

Proof. This is proved in [10]. (In that reference an alternative proof of
part (iv) is given which provides the further information that jF \W (�)j =
1; 2; 3 for respectively 10, 15, 6 solids � � PG(4; 2).)

Theorem 3.3 If E is any external 4-�at, its stabilizer GE is the normalizer
N := N(Z) �= Z31 o Z5 of a Singer cyclic subgroup Z �= Z31 of GL(5; 2):

Proof. By theorems 2.5 and 3.2 each of the 31 5-�ats F � E gives
rise to a solid DF := hCF i \ E = E(CF ) 2 orb(3�): The 31 5-caps CF are
distinct, and so by theorem 3.1(ii) the 31 solidsDF � E are also distinct. By
theorem 3.1(iiia), GDF = hBF i �= Z5; furthermore these 31 stabilizers GDF
are distinct, since TBF and TBF� �x the distinct (if F 6= F �) hyperplanes
DF and DF � of E: Consequently, by theorem 3.1(iiib), GE contains the 31
distinct Z5-subgroups GDF :
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Now, see [1, p.70], there are just three classes, say Ci; i = 1; 2; 3; of max-
imal subgroups of GL(5; 2) which contain elements of order 5. A subgroup
G 2 C1 stabilizes a point of PG(4; 2); and a subgroup G 2 C2 stabilizes a solid
of PG(4; 2): But no common point or solid is stabilized by all the foregoing
thirty-one Z5-subgroups of GE : Hence GE lies inside a group G 2C3: But such
a G is the normalizer N = N(Z) �= Z31oZ5 of some Singer cyclic subgroup
Z �= Z31 of GL(5; 2): But the only subgroup of N which contains more than
one Z5 is N itself (which indeed contains 31 distinct Z5 subgroups). Hence
the theorem.

Theorem 3.4 Suppose that the k-�at X; k = 1; 2; 3; possesses an extension
to an external 4-�at E; then X belongs to the orbit orb(k�):

Proof. Let E be an external 4-�at and let C = fm1; ::: ;m5g be one of
the 5-caps CF of theorem 3.2. Then, for k = 1; 2; 3; E certainly contains a
k-�at Xk 2 orb(k�); namely Xk = hm1; ::: ;mkieven: But, by theorem 3.3,
GE is the normalizer N(Z) �= Z31oZ5 of a Singer cyclic subgroup Z �= Z31
of GL(5; 2); and such a group acts transitively on (i) the 155 lines of E; (ii)
the 155 planes of E; (iii) the 35 solids of E: (The k = 1 result is otherwise
immediate, since the general lines form the single orbit orb(1�):)

In the rest of this section, where we deal with the N(Z31)-construction
of external 4-�ats, we will �nd it convenient to adopt the following notation:
if X is a projective r-�at, then we use X for the (r+ 1) -dimensional vector
space such that X = PX: For example, if the �ats X; Y are disjoint, then
^2V5 = X � Y is the same thing as PG(9; 2) = hX;Y i:

Given any subgroup Z �= Z31 of GL(5; 2); let N := N(Z) �= Z31oZ5 be
its normalizer. Consider the representation T of N upon V10 = ^2V5 given
by TC = ^2C; C 2 N : Since 2 - jN j; Maschke�s theorem applies, and so the
representation T is completely reducible. Now no one-dimensional subspace
of V10 is N -invariant, and only for n � 5 does GL(n; 2) possess a subgroup
�= Z31: Hence the 10-dimensional representation T of N decomposes as the
direct sum T+�T� of two 5-dimensional irreducible representations T+ and
T�; arising from some N -invariant direct sum decomposition E+ � E� of
V10: Moreover, since Rk2 is a single TN -orbit, note that both of the 4-�ats
E+; E� are external.

Lemma 3.5 The external 4-�ats E+; E� belong to di¤erent GL(5; 2)-orbits.

Proof. Suppose there exists P 2 GL(5; 2) such that TP maps E+ onto
E�: It follows that PGE+P�1 = GE� , that is PNP�1 = N : But N ; be-
ing maximal, is its own normalizer, whence P 2 N ; so TP stabilizes E+;
contradicting the supposition that TP maps E+ onto E�:

Theorem 3.6 The external 4-�ats comprise precisely two GL(5; 2)-orbits,
say orb(4+) and orb(4�): The stabilizer GE of any external 4-�at E has
order 155 and structure �= Z31 o Z5:
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Proof. We know from lemma 3.5 that there exist at least two orbits,
say orb(4+) and orb(4�); of external 4-�ats. But, theorem 3.4, those solids
which extend to an external 4-�at form a single orbit, and so it follows from
theorem 3.1(i) that there exist at most two orbits. Hence there are precisely
two orbits, orb(4+) and orb(4�): The stabilizer GE of any external 4-�at E
is as described in theorem 3.3.

Remark 3.7 (i) It follows from the theorem that the 5-dimensional irre-
ducible representations T+; T� of N just obtained are inequivalent. For
otherwise the decomposition E+ �E� of V10 would not be unique and there
would be more than 2 orbits of external 4-�ats.

(ii) It is tempting to say that each subgroup N �= Z31 o Z5 gives rise
to twin external 4-�ats fE+; E�g: However it is more accurate to say that
external 4-�ats which share the same stabilizer occur as non-identical twins
fE+; E�g: Certainly E+; E� can be distinguished (unlike twin non-reguli),
one way being as follows. In N ; the 30 elements A of order 31 fall into 6
conjugacy classes Kr of length 5. Letting r take the values 1; 2; ::: ; 6 (mod 6)
we may label the classes in such a way that Kr+1 = (Kr)

3: Let fr be the
characteristic polynomial of elements A 2 Kr: By using the fact that A
is diagonalizable over the extension �eld GF(32) one easily shows that if
�A = fr then �T (A) = fr+1:fr+2: So, for A 2 Kr; we may distinguish
between E+ and E� by de�ning E+ = ker fr+1(TA) and E� = ker fr+2(TA):

4 Construction of another kind of general plane

Let PG(4; 2) = PV5 be generated by a line � = fu; v; wg = PV2 and a
plane � = PV3; so V5 = V2 � V3: Choose A3 2 GL(V3) to have order 7
and minimal polynomial t3 + t + 1; then, for any choice of a0 2 �, we
have � = fa0; a1; :::; a6g where ai = (A3)

ia0, the seven lines of � being
�i = fai; ai+1; ai+3g; i = 0; 1; :: ; 6 (mod 7): Choose C3 2 GL(V3) in the
normalizer of A3 to satisfy C3A3(C3)�1 = (A3)

2 and C3a0 = a0; and note
therefore that C3ai = a2i: De�ne also C2 2 GL(V2) to e¤ect the 3-cycle
u 7! w 7! v 7! u: Setting A = I2�A3 and C = C2�C3; observe that A and
C are elements of GL(5; 2); of orders 7 and 3, which stabilize both � and �
and which generate a subgroup F21 �= 7 : 3 of GL(5; 2) :

Theorem 4.1 Let P = fb0; b1; :::; b6g where, in the foregoing notation, the
seven points bi of PG(9; 2) are de�ned by

bi = u ^ ai + v ^ ai+1; (i = 0; 1; :: ; 6 (mod 7)): (4.1)

Then P is a general plane with stabilizer GP �= 23 : (7 :3).

Proof. (Outline) Noting that bi+ bi+1 = bi+3; we see that P is a plane.
Since im(bi) = h�; �ii 6= im(bj) for i 6= j; it follows that P is a general plane.
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Next note that TAbi = bi+1 and TCbi = b2i�1; whence GP contains F21: But
for f 2 V �3 each bi is seen to be �xed by TJ(f); where J(f) 2 GL(5; 2) is the
involution de�ned by

J(f)u = u; J(f)v = v;

J(f)x = x+ f(x)u+ f(A3x)v; x 2 V3: (4.2)

Since AJ(f)A�1 = J(Âf) and CJ(f)C�1 = J(ÂĈf); it follows that GP
contains a subgroup JoF21 �= 23 : (7 :3); where J = fJ(f)j f 2 V �3 g �= (Z2)3:
With a little more e¤ort one sees that GP is no larger than J o F21:

Since the stabilizer of a plane 2 orb(2�) is isomorphic to Sym(3); the
general plane P in the theorem belongs to a distinct orbit, which we will
label orb(2
):

5 The key counting lemma

So far we have obtained the following ten orbits of k-�ats in PG(9; 2) which
are external to the Grassmannian G1;4;2:
k = 0 : Rk4;
k = 1 : orb(1�); orb(1�);
k = 2 : orb(2�); orb(2�); orb(2
);
k = 3 : orb(3�); orb(3�);
k = 4 : orb(4+); orb(4�):
Moreover, in the cases k = 0; 1; 4; but not in the cases k = 2; 3; we have
proved that this list is complete. In the �nal sections of this paper we prove
the non-existence of further external planes and solids and hence show that
these ten orbits constitute a complete classi�cation of the �ats in PG(9; 2)
which are external to the Grassmannian G1;4;2:We also provide further infor-
mation about the beta planes and solids, and give details of their stabilizer
groups.

If X is an external k-�at in PG(9,2), we denote by �(X) the set of all
those (k + 1)-�ats Y in PG(9,2) which contain X; and we de�ne

CY = Y \ Rk2; for Y 2 �(X): (5.1)

Then �(X) is the disjoint union �(X) = [r�r(X) where, for r = 0; 1; 2; ::: ;

�r(X) = fY 2 �(X)j jCY j = rg: (5.2)

Lemma 5.1 If X is an external �at then, for each Y 2 �r(X); r > 0; the
r-set CY is a r-cap fm1; ::: ;mrg on Rk2 : Moreover the corresponding r-set
of lines SY = f�1; ::: ; �rg is a partial spread in PG(4; 2):

Proof. Since the �eld is GF(2); any r-set of points, r > 0; of a projective
space Y which lies outside a hyperplane X � Y is a r-cap. Since X is
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external, then for any two distinct points m; m0 of CY their sum m+m0 2 X
has rank 4; so any two distinct lines �; �0 of SY do not intersect, that is
SY is a partial spread. (The case r = 1 is trivial, with SY a partial spread
consisting of a single line.)

The next lemma is surprisingly powerful, and should perhaps be viewed
as the key counting lemma. Certainly its use enables us to avoid some rather
tedious deliberations, carried out on a case by case basis. In it we put Nr =
Nr(X) = j�r(X)j and, for i > 0; we denote by Mi =Mi(X) the number of
i-caps Ci on Rk2 which satisfy E(Ci) � X: We also put M0 = j�(X)j: If X
is an external k-�at, take note that N0(X) is the number of extensions of
X to an external (k + 1)-�at.

Lemma 5.2 If X is an external k-�at then the relationsXk+2

r=i

�
r

i

�
Nr =Mi (Ri)

hold for i = 0; 1; ::: ; k + 2:

Proof. The relation (R0) holds since it reads �k+2r=0 j�r(X)j = j�(X)j:
If Cr is an r-cap on Rk2 such that E(Cr) � X then it contributes

�
r
i

�
to the

number Mi of i-caps Ci on Rk2 which satisfy E(Ci) � X; so (Ri) holds for
i = 1; 2; ::: k + 2: (The upper limit k + 2 in the summation su¢ ces, since if
E(Ci) is an external k-�at then i = k + 2:)

This lemma yields the following results for an external k-�at X:

(o) k = 0 : N0 �M2 = 356;

(i) k = 1 : N0 +M3 = 130;

(ii) k = 2 : N0 �M4 = 42�M3;

(iii) k = 3 : N0 +M5 = 58 +M4 �M3: (5.3)

To derive these results, �rst note that M0 (= j�(X)j) = 29�k � 1 and
M1 = jRk2 j = 155: (The latter holds since every m 2 Rk2 de�nes a 1-cap
C1 = fmg on Rk2 which satis�es E(C1) � X because E(C1) = ;:) If k = 0
then (R0) � (R1) + (R2) yields result (o). This k = 0 information is not
new; for, see after lemma 1.4, we already know that through an external
point there pass M2 = 10 bisecants and N0 = 366 external lines (the latter
consisting of 6 special lines and 360 general lines). Concerning the cases
k > 0; observe thatM2 = 10(2

k+1�1); since 10 bisecants pass through each
point of an external k-�at X: From the relations (R0); (R1); ::: ; (Rk+2) in
the key counting lemma the combination (R0)� (R1)+ ::: +(�1)k+1(Rk+2)
then yields the results (i), (ii), (iii). These latter will be made use of in
succeeding sections.
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6 Extensions of external lines to external planes

6.1 Special lines and special planes

Lemma 6.1 Let L = fb1; b2; b3g � W(�) be a special line, and let b0 be an
element of W(�0); where �0 6= �: Then at most one of the lines hb0; bii is
tangent to Rk2 :

Proof. Suppose to the contrary that mi := b0 + bi lies in Rk2 for two
values of i; say i = 1 and i = 2: But then b3 = b1+b2 = m1+m2; whence m1

and m2 lie in H(�): It would then follow that b0, the sum of elements b1;m1

of �(�); also lies in �(�); contradicting b0 being in W(�0); where �0 6= �:
The next theorem asserts that special planes (that is those external

planes which contain a special line) form a single orbit, orb(2�): The proof,
which makes use of the results in lemmas 1.4 and 6.1, is omitted, but can
be found in [11].

Theorem 6.2 ([11]) (i) An external line L 2 orb(1�) possesses precisely
120 extensions to an external plane.

(ii) External planes containing a special line form a single orbit orb(2�):
(iii) If P 2 orb(2�) then GP is of order 48 and has for its centre a

subgroup G�P �= Z2 which �xes P pointwise. The quotient group GP =G�P is
isomorphic to Sym(4); and acts faithfully on P:

6.2 Extensions of a line L 2 orb(1�)
Lemma 6.3 If L is a general line then it has precisely 112 extensions to
a plane P 2 orb(2�); precisely 12 extensions to a plane P 2 orb(2�); and
precisely 4 extensions to a plane P 2 orb(2
):

Proof. For � = �; �; 
; let n� be the number of extensions of L 2 orb(1�)
to a plane P� 2 orb(2�); and let h� be the number of lines L 2 orb(1�)
contained in a particular plane P� 2 orb(2�): By double-counting of such
pairs (L;P�) we have (jGL(5; 2)j=jGLj)�n� = (jGL(5; 2)j=jGP� j)�h�; whence
n� = (96 � h�)=jGP� j: Now h� = 7; h� = 6; h
 = 7 and GP� is of order
6; 48; 168 according as � = �; �; 
: Hence n� = 112; n� = 12; n
 = 4:

Theorem 6.4 There are precisely three orbits of external planes, namely
orb(2�); orb(2�) and orb(2
):

Proof. For an external line L we have from eq. (5.3)(i) the result
N0(L) +M3(L) = 130: But if L is a general line then it can be expressed
as E(C3) for precisely two choices of C3 (corresponding to a pair of twin
non-reguli S3; S�3); so M3(L) = 2: It follows that N0(L) = 128; that is L has
precisely 128 extensions to an external plane. But by lemma 6.3 these 128
extensions are completely accounted for by the 112 + 12 + 4 extensions to
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planes belonging to the orbits orb(2�); orb(2�) and orb(2
): The theorem
follows from this, since, by lemma 2.4, every external plane arises as the
extension of a general line.

7 Extensions of external planes to external solids

Of the external planes those belonging to orb(2
) have the most symmetry,
and so we look at this orbit �rst of all.

7.1 Extensions of a plane P 2 orb(2
)
Let the notation be as in section 4 and consider the plane P 2 orb(2
) of
theorem 4.1. As an example of a special solid consider the solidD0 = hc0; P i;
where c0 = a0 ^ u+ a3 ^ a6 2 Rk4 : Then one checks that c0 + bi 2 Rk4 for
each i; so that D0 is an external solid. One also �nds that D0 contains a
special line, namely the line

L0 = fb3; c0 + b2; c0 + b5g � W(�0); where �0 = h�3; �i; (7.1)

so D0 = hc0; P i is a special solid. Let us assign D0 to an orbit orb(3�0): We
will soon show that this orbit coincides with the orbit orb(3�):

We also �nd that P is the only plane of D0 which belongs to orb(2
):
To see this, note that the seven kernels, see eq. (1.3), of the points of a
plane 2 orb(2
) themselves form a plane in the dual space PG(4; 2)�: (For
P as in (4.1) the seven kernels ker bi form the plane �
; the annihilator of
� = hu; vi:) A check on the 13 distinct kernels of the 15 points ofD0 = hc0; P i
reveals that no plane other than �
 is present.

Observe that in addition to the unique plane P 2 orb(2
); the solid D0
contains three planes 2 orb(2�); namely those through the unique special
line L0; hence P contains precisely eleven planes of orb(2�):

Finally observe that, under the action of the Z7-subgroup hAi � GP ;
the external solid D0 is just one of a septuplet fD0; D1; :::; D6g of external
solids Di = (TA)iD0 = hci; P i; where ci = ai ^ u+ ai+3 ^ ai+6: For later use
it should be noted that the seven points ci all lie in W(hu; �i): Of course
the unique special line of Di is Li := (TA)i(L0); lying inside W(�i); where
�i = h�i+3; �i:

Lemma 7.1 A plane P 2 orb(2
) has precisely 28 extensions to an external
solid.

Proof. Apply the result (5.3)(ii) to P: Recall, see theorem 2.11, that
those external planes of the form E(C4) belong either to orb(2�) or to
orb(2�): So M4(P ) = 0: Moreover M3(P ) = 2 � 7 = 14; since all 7 lines
of P are general lines. Hence N0(P ) = 28:
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Consider the plane P 2 orb(2
) as given in (4.1). Under the action of
GP �= 23 : (7 : 3) the 31 solids of PG(4; 2) fall into two orbits 
7 and 
24;
where 
7 consists of the 7 solids through the line � = hu; vi and 
24 consists
of the 24 solids which meet � in a point. (Dually, the 31 points of PG(4,2)
fall into the two orbits 
3 = � and 
28 = �c). Consider extensions of P
to external solids D which belong to the same orbit, orb(2�0); as the seven
solids Di = hci; P i discussed in the preceding section. As noted at the end
of the last section, these seven external solids Di alone make use of seven
distinct points ci ofW(�); where � = hu; �i 2 
24: By the transitivity of GP
on 
24 it follows that at least seven points of each of the 24 W(�); � 2 
24
lie on some external solid D 2 orb(3�): But for such an external solid D we
have im d 2 
7 for 9 elements d 2 D (namely for d 2 P [ Li; for Di as in
the last section) and im d 2 
24 for the other 6 elements of D: Consequently
there are at least 7 � 24 � 6 = 28 extensions of the plane P to an external
solid belonging to orb(3�0):

Theorem 7.2 (i) The 28 extensions of a plane P 2 orb(2
) to an external
solid form a single GP -orbit.

(ii) All such extensions belong to the GL(5; 2)-orbit orb(3�):
(iii) If D 2 orb(3�) then GD �= Z6:

Proof. (i) By the lead-in to the theorem and lemma 7.1.
(ii) By inspecting the kernels for a solid D3� = E(C5) 2 orb(3�) we

�nd 7 which form a plane, and so D3� contains a plane 2 orb(2
): Hence
orb(3�0) = orb(3�):

(iii) Since D 2 orb(3�) contains a unique plane P 2 orb(2
); we have
GD < GP : From part (i), jGDj = jGP j�28 = 6: For the solid D0 we may check
that GD0 contains the element A2CA�2 of order 3 and also the involution
J(f); where f = 0 is the line �2 = fa2; a3; a5g:

7.2 Extensions of alpha and beta planes

Lemma 7.3 A plane P 2 orb(2�) has precisely 29 extensions to an external
solid, comprising 18 extensions to a solid in orb(3�) and 11 extensions to a
solid in orb(3�).

Proof. Apply the result N0(P ) � M4(P ) = 42 � M3(P ) of (5.3)(ii).
Recall that P = E(C4) for a unique 4-cap on Rk2; so M4(P ) = 1: Moreover
M3(P ) = 2� 7 = 14; since all 7 lines of P are general lines. Hence N0(P ) =
29: Since jGP j = 6; then by double-counting, as in the proof of lemma
6.3, it follows that P has n� extensions to a solid D3� in orb(3�); where
n� = (6 � 15)=jG3�j = 18: Similarly, since a solid in orb(3�) contains 11
planes of orb(2�); the plane P has n� extensions to a solid D3� in orb(3�);
where n� = (6� 11)=jG3�j = 11:
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Lemma 7.4 If D is an external solid then D contains at least one (in fact
at least eleven) planes in orb(2�):

Proof. Any extension of a plane P 2 orb(2
) contains, see section 7.1,
no further planes in orb(2
); so D contains at most one plane in orb(2
):
Since D contains at most one special line, D contains at most three planes
in orb(2�): Hence D contains at least eleven planes in orb(2�):

Theorem 7.5 There are just two GL(5; 2)-orbits of external solids, with the
general solids forming a single orbit orb(3�); and the special solids forming
a single orbit, orb(3�):

Proof. By lemma 7.4 an external solid D is an extension of a plane
P 2 orb(2�): Hence by lemma 7.3 either D 2 orb(3�) or D 2 orb(3�):

Lemma 7.6 A plane P 2 orb(2�) has precisely 24 extensions to an external
solid, all belonging to orb(3�).

Proof. By theorem 7.5 all such extensions belong to orb(3�). By double-
counting pairs (P;D3�) with P � D3� 2 orb(3�); we see that P has (jGP j �
3)=jG3�j = (48� 3)=6 = 24 extensions to a solid in orb(3�):

8 Summary and further results

Having now proved theorems 6.4 and 7.5, we have achieved our goal, namely
a complete classi�cation of external �ats:

Theorem 8.1 Under the action of GL(5; 2) there are precisely ten orbits
of �ats in PG(9; 2) which are external to the Grassmannian G1;4;2, namely
those listed in Table 1 below.

Table 1: jGXk j; N0(Xk) and Mk+2(Xk)

k orbit of Xk jGXk j N0(Xk) Mk+2(Xk)

0 Rk4 11520 366 M2 = 10

1 orb(1�) 96 128 M3 = 2
orb(1�) 5760 120 M3 = 10

2 orb(2�) 6 29 M4 = 1
orb(2�) 48 24 M4 = 4
orb(2
) 168 28 M4 = 0

3 orb(3�) 5 2 M5 = 1
orb(3�) 6 0 M5 = 3

4 orb(4+) 155 0 M6 = 0
orb(4�) 155 0 M6 = 0
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Concerning column 4, recall that N0(Xk) is the number of extensions of
the k-�at Xk to an external (k+1)-�at. Concerning column 5, we have still
to obtain the entries for the three orbits orb(k�); k = 1; 2; 3: This we will
do in theorem 8.2 below. (For the entry M2 = 10; see before eq. (A.1).)

Theorem 8.2 (i) A line L 2 orb(1�) can be expressed in the form L =
E(C3) for precisely ten choices of partial spread S3:

(ii) A plane P 2 orb(2�) can be expressed in the form P = E(C4) for
precisely four choices of partial spread S4:

(iii) A solid D 2 orb(3�) can be expressed in the form D = E(C5) for
precisely three choices of partial spread S5:

Proof. (i) From theorem 6.2(i) we have N0(L) = 120; and so from
(5.3)(i) it follows that M3(L) = 10; that is that each special line L can be
expressed in the form L = E(C3) for precisely ten choices of regulus S3:

(ii) Apply the result N0�M4 = 42�M3 of (5.3ii) to P: By lemma 7.6 we
have N0 = 24; moreover, since P contains one special line and six general
lines, we have M3(P ) = 10� 1 + 2� 6 = 22: Hence M4 = 4:

(iii) Apply the result N0+M5 = 58+M4�M3 of (5.3iii) to D: Since D
contains one special line and 34 general lines, we haveM3(D) = 10�1+2�
34 = 78: Since D contains three planes 2 orb(2�); one plane 2 orb(2
) and
eleven planes 2 orb(2�) we have M4(D) = (4� 3)+ (0� 1)+ (1� 11) = 23:
Moreover N0(D) = 0: Hence M5 = 58 + 23� 78 = 3:

8.1 Further comments

(i) See [11, Appendix] for more details concerning the Mk+2(Xk) entries in
Table 1 in the cases Xk 2 orb(k�); k = 1; 2; 3:

(ii) Planes belonging to orb(2
) are treated further in [12], where they
are shown to be in bijective correspondence with conclaves (see [15]) of
planes in PG(4; 2): (In PG(4; 2) a conclave of eight planes is the dual of a
regulus-free partial spread of eight lines.)

(iii) (i) See [8] and [10, Section 6.2] for applications of the classi�cation
to coding theory, and also for consideration of generalizations to PG(n; q);
as in Cooperstein [2] and Cossidente & Siciliano [3].

A Appendix

A.1 The Grassmannian G1;3;2
In this case we write the decomposition PG(5; 2) = Rk2(3; 2) [ Rk4(3; 2)
as PG(5; 2) = H [W; where H = G1;3;2; the Klein quadric, is a hyperbolic
quadric in PG(5; 2); andW consists of the 28 points external to H: It should
be noted that each b 2 W can be expressed in the form b = m + n for
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precisely ten pairs f�; �g of skew lines �; � of PG(3; 2): Explicitly, given
one expression b = m + n; let �i; i = 1; 2; ::: ; 9; be the nine transversals of
the skew pair �; �; then the other nine expressions for b are

b = mi + ni; (i = 1; 2; ::: ; 9) where mi = m+ ti; and ni = n+ ti: (A.1)

(Here, because �i meets �; it follows that m + ti is indeed the image of a
line �i; namely the third line of the pencil determined by � and �i; similarly
n + ti is the image of a line �i:) Observe therefore that through each point
b 2 W there pass ten bisecants of the Klein quadric H:

In the same area, observe that each b 2 W de�nes a non-degenerate
symplectic form (u; v)b on V4; given by b ^ u ^ v = (u; v)b!; where ! is the
(unique!) basis vector for the 1-dimensional space ^4V4: In projective terms,
the 28 di¤erent symplectic polarities on � = PG(3; 2) thus arise from the 28
choices of b 2 W: For a subspace � � �, we will let �b denote its polar using
the b polarity:

�b = fu 2 � j b ^ u ^ v = 0 for all v 2 �g: (A.2)

For a given polarity the ten expressions b = m + n described above corre-
spond to the ten polar pairs f�; �g of lines, with � being the polar �b of �:
The remaining 15(= 35�20) lines � of PG(3; 2) are self-polar, the join hl; bi
being tangent to H at the point l: Note that these 15 tangents through b
consume 15 further points of W: It follows that, in order to account for the
remaining 12 (= 28� 1� 15) points of W; through b must pass precisely 6
lines external to H: (See also lemma A.1(i) below.)

Of course the subgroup Gb of GL(4; 2) which stabilizes b 2 W is one of
the 28 subgroups of GL(4; 2) which are isomorphic to Sp(4; 2) �= Sym(6);
see also remark A.2 below.

A.1.1 Use of the isomorphism of GL(4; 2) with Alt(8)

Let ijklmnrs be an arbitrary permutation of 12345678: Then we can arrange
for the 28 points ofW to be labelled pij = pji, where the only linear relations
amongst the pij are those of the forms

(i) pij + pik + pjk = 0; (ii) pij + pkl + pmn + prs = 0: (A.3)

The 35 points of H then have double labellings of the kind qijkl = qmnrs;
and are given by qijkl = pij + pkl: (This labelling can be achieved internally,
with pij being de�ned by Hi \Hj = fpijg; where Hi; i = 1; 2; ::: ; 8; are the
Conwell heptads, cf. [6, Lemma 17.5.4]). Any permutation � 2 Sym(8) in-
duces, via pij 7! p�i �j ; a linear transformation of V6 = ^2V4 which preserves
the Klein quadric; in this way we arrive at the isomorphism of Sym(8) with
the full orthogonal group O+(6; 2): However elements A 2 GL(4; 2) preserve
separately the two systems, Latin and Greek, of internal planes of H, and
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the elements TA lie in a subgroup of O+(6; 2) of index 2, with A 7! TA giv-
ing rise to the well-known isomorphism GL(4; 2) �= Alt(8): The symplectic
scalar product b:c on V6 determined by the quadric H satis�es

pij :pik = 1; and pij :pkl = 0 (A.4)

whenever i; j; k; l are distinct. (In particular the seven elements pij ; j 6= i;
of the heptad Hi are pairwise non-conjugate � the de�ning property of a
Conwell heptad.) It should be noted that two lines �; � of PG(3; 2) meet if
and only if the corresponding two points m;n of H satisfy m:n = 0:

The next lemma serves as an indication of the usefulness of the isomor-
phism GL(4; 2) �= Alt(8):

Lemma A.1 (i) There exist in PG(5; 2) precisely �fty-six lines L external
to H; these forming a single GL(4; 2)-orbit, with six lines passing through
each point b 2 W:

(ii) The 3-�at L? polar to an external line L meets H in a 5-set C =
fmigi=1;2;3;4;5 which is the image of a spread S = f�igi=1;2;3;4;5 in PG(3; 2):

(iii) GS = GL �= (Alt(5)� 3):2; of order 360.
(iv) If S = f�igi=1;2;3;4;5 is a spread in PG(3; 2) then �5i=1mi = 0:

Proof. (i) The 56 lines are the
�
8
3

�
lines Lijk = fpij ; pik; pjkg; see

(A.3). They form a single GL(4; 2)-orbit, since the triads ijk form a sin-
gle Alt(8)-orbit. Through the point p78 2 W pass the 6 external lines
Li78; i = 1; 2; ::: ; 6:

(ii) If m 2 H satis�es m:p67 = m:p68 = m:p78 = 0 then from (A.4) we
see that m 2 C where C = fmigi=1;2;3;4;5 with mi = qi678: Since, by (A.4),
mi:mj = (pi6 + p78):(pj6 + p78) = 1; for i 6= j; the �ve lines �i are pairwise
skew and so comprise a spread. (C is in fact an elliptic quadric � L?:)

(iii) Since there are 56 spreads S in PG(3; 2); the construction in part (ii)
establishes a bijective correspondence S $ L with the 56 external lines L;
and so the stabilizers GS ; GL are equal. The structure of these stabilizers is
as indicated, since the stabilizer in Alt(8) of the triad 678 is G0[ (12)(78)G0;
where G0 = Altf1; 2; 3; 4; 5g � h(678)i �= Alt(5)� Z3:

(iv) From (A.3) we immediately see that �5i=1qi678 = 0:

Remark A.2 The isomorphism Gb �= Sym(6) at the end of the preceding
section can be arrived at in a similar manner to that in part (iii) of the
lemma. For if b = p78 then Gb is isomorphic to the stabilizer in Alt(8) of the
duad 78; namely to A [ (12)(78)A; where A = Altf1; 2; 3; 4; 5; 6g �= Alt(6):

A.2 Some regulus-free partial spreads

We provide information here about three classes (i) IIIa.1, (ii) IVb.1 and
(iii) Ve.1, of partial spreads in PG(4; 2) which are needed in section 2. (For
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the complete classi�cation of partial spreads in PG(4; 2); consult [5].) At
times it will prove convenient to adopt the following shorthand notation. A
basis B = fe1; e2; e3; e4; e5; g for V5 will be written B = f1; 2; 3; 4; 5g; and
abbreviations such as 235 = e2+e3+e5; u = 12345 = e1+:::+e5; 5u = 1234;
2 ^ 145 = e2 ^ (e1 + e4 + e5); ... will be employed. The 3r-set of points of
PG(4; 2) which support the r lines of a partial spread Sr will be denoted
 (Sr): A line � which meets each of three lines of Sr will be referred to not
only as a transversal of the three lines, but also as a transversal of Sr.

(i) Class IIIa.1. In PG(4; 2) there are only two kinds of partial spreads S3;
reguli (class IIIb.1) and non-reguli (class IIIa.1). With respect to a suitable
basis B any partial spread S3 which is not a regulus can be taken to be
S3 = f�1; �2; �3g where, in shorthand notation,

�1 = f1; 2; 12g; �2 = f3; 4; 34g; �3 = f5; u; 5ug: (A.5)

The non-regulus S3 has a unique transversal � = f12; 34; 5ug; and it also
determines the hyperbasis B+ = B[fug =  (S3)�� = f1; 2; 3; 4; 5; ug: Each
permutation � 2 Sym(B+) gives rise to an element A� of GL(5; 2) satisfying
A� : b 7! �(b); b 2 B+: Observe that the stabilizer GS3 of S3 must consist
of those A�; � 2 Sym(B+); such that � preserves the syntheme 12 34 5u: It
soon follows that

GS3 = G0S3 � hJi �= Sym(4)� Z2; where J = A(12)(34)(5u): (A.6)

See [16], [5] for more details of the group G0S3 �= Sym(4):
Of considerable importance to our present concerns is the fact that each

non-regulus S3 comes along with a twin non-regulus S�3 = f��1; ��2; ��3g; where
��j denotes the third line of the pencil determined by �j and � (and so S3
and S�3 share the same transversal �): For S3 as in (A.5), S�3 is

��1 = f1�; 2�; 1�2�g; ��2 = f3�; 4�; 3�4�g; ��3 = f5�; u�; 5�u�g; (A.7)

where 1� = 134; 2� = 234; 3� = 124; 4� = 123; 5� = 125; u� = 1�2�3�4�5� =
345:Note that �� = f1�2�; 3�4�; 5�u�g indeed coincides with � = f12; 34; 5ug:

Lemma A.3 If S3 and S�3 are twin non-reguli in PG(4; 2) then
(i) The stabilizer GS�3 of S

�
3 coincides with the stabilizer GS3 of S3:

(ii) The stabilizer GfS3;S�3g of fS3;S
�
3g is a group GS3 :2; of order 96.

Proof. (i) An element A 2 GS3 permutes the lines �i but �xes �(= ��);
and hence permutes the lines ��i :

(ii) The element K 2 GL(5; 2) which maps i 2 B onto i� 2 B� :=
f1�; 2�; 3�; 4�; 5�g (and so u onto u�) is an involution (i � i�) which e¤ects
the three interchanges �j � ��j ; j = 1; 2; 3; whence GfS3;S�3g = GS3 :hKi:

(In fact GfS3;S�3g is the normalizer in GL(5; 2) of GS3 :)
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(ii) Class IVb.1. This class is represented by S4 = f�1; �2; �3; �4g where

�1 = f1; 2; 12g; �2 = f3; 4; 34g; �3 = f5; u; 5ug; �4 = f13; 15; 35g: (A.8)

So S4 = S3 [ f�4g; where S3 = f�1; �2; �3g is as in (A.5). Observe that the
line �4 is distinguished: each point of �4 lies on precisely one transversal of
S4; but in contrast the points 1; 3; 5 lie on precisely two transversals, and
the points 2; 4; u lie on no transversals. It follows that GS4 is a subgroup
of GS3 ; and that any T 2 GS4 must permute amongst themselves the three
points 1; 3; 5; and also three points 2; 4; u: It quickly follows that

GS4 = hA;Ci �= Sym(3);

whereA and C inGL(5; 2) e¤ect the permutations (135)(24u) and (13)(24) of
the hyperbasis B+: Incidentally, observe that GS4 �xes the point 135 = 24u
(and no other).

(iii) Class Ve.1. This class is represented by S5 = f�1; �2; �3; �4; �5g
where the lines �1; ::: ; �5 are, in shorthand notation,

f1u; 2; 345g; f2u; 3; 451g; f3u; 4; 512g; f4u; 5; 123g; f5u; 1; 234g: (A.9)

Note that S5 is cyclic, since if B 2 GL(5; 2) is de�ned by B : 1 7! 2 7! 3 7!
4 7! 5 7! 1; then B e¤ects the permutation (�1�2�3�4�5): In fact, since any
T 2 GS5 must permute amongst themselves those points which lie on only
one transversal, namely the points 1; 2; 3; 4; 5, it then quickly follows from
(A.9) that GS5 is precisely hBi:

class Ve.1: GS5 = hBi �= Z5: (A.10)
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