Restrictions in Multiple
Regression Analysis

Restricted Least Square
F-Test on validity of restriction



Consider a Multiple Regression with Three Variables
and No Constant (data from the text)
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Variance of Errors and

Parameters
S =Y~ thﬂl - thﬂz - thﬂs
=y—-1.6x1-0.873x2—-0.968x3

> 82 -6.946 O = g =1.158

Computed covariance matrix

02 0 0 | [0285 0 0
covlpyb,)= 62(x' X1 =1.158 0 0063 00186|=| 0 00735 00184
0 0016 0254| | O 00184 0294

'SE(3, )] [+/0.2315 1048118
SE(B, )| =[+/0.0735 |=| 0.2711

_SE B 0.294 0.5422




Test of Restrictions -1
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Test of Restrictions -2

=1

0.2315 0 0 1 0 O 16
1.6 0873 0.968] 0  0.0735 0.0184| |0 1 0]0.873
0 00184 0294 | [0 0 1]0.968

F= 5

3
= 7.79 .F critical value for d.f.= (3,6) at 5% confidence

Interval 1s 4.76.

F calculated is bigger than F critical => Reject null
hypothesis, which says H,: 8, =8, =8,=0.

At least one of these parameters is significant and
explains variation in y.



Restricted Least Square Method

OLS procedure to minimise the sum of squared error terms.

S=e'e=(Y - XB)(Y - XB)

=YY =28 XY + ' X' X[
Imposing a restriction involves constrained optimisation with a
Lagrange multiplier.

L=¢e'e+2A(r'-p'R')
L=(Y = XB)(Y = XB)+2A(r-4'R')
L=Y'Y =28'X'Y + B X' XXB +2A(r'-f'R)



Restricted Least Square Method

Partial derivation of this constrained minimisation
function (Lagrangian function) wrt g and 4 yields

: gz—ZX'Y +2X'Xb-2AR'=0
) o5

(ii) 2—22 2(!’— Rb)zO

X'Xb=X'Y + /R’
(X'X)*X'Xb=(X"X)"(X'Y + AR
b=(X'X)"'X'Y +(X'X)"R'A
b=4+(X'X)'R'A

This is the restricted least square estimator but need still

to be solved for A4 . For that multiply the above equation
both sides by R



Restricted Least Square Method

Rb=RA+R(X'X)'R'A=r
2 =R X) 'R [Rb-RA]
2 =[ROXX )R [r - Rb]

b=4+(XX)*RIR(X"X)*R]"[r - Rb]

Thus the restricted least square estimator iIs a linear
function of the restriction RbO—r =0



Restricted Least Square Method
£(b)=E(3)+ (xx)*R[R(x*X) "R "[r - RE()]

E(b)= 5

For variance we need to use property of an idempotent
matrix AA=A.

0.4 0.8}

A =
Such as |:03 0.6
Recall in unrestricted case

B=(X"X)"XY=8+(X'X)"X"e
E(b)—ﬁ=(X'x)‘1x'e+(X'x)‘lR'[R(X'x)‘lR']‘l[r—RE(b)—R(X'x)‘1X'e]

Since Ro—r =0
Eb)-g=M(X'X)"X'e



Restricted Least Square Method
Where M is the idempotent matrix:
-1 141
M =1-(X'X)'R[RXCX)'R|R
The variance covariance matrix of

cov(b) = [E(b)- AIE(b)- A= E[M(X'X)* X ee'X (X' X ) M|
cov(b)=o*M(X'X )™M

cov(b)=o*M(X'X)™

M =02 (X X)) - (X)) R[R(CX) 'R R

Thus the variance of the restricted least square estimator

IS smaller than the variance of the unrestricted least
square estimator.

M =2 (XX ) - (X)) RRXCX)R]TTR



