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Econometrics 1

Lecture 18
Restrictions in Multiple Regression: 
Restricted Least Square Estimation

(Judge-Hill-Griffith-Lutkopohl-Lee (1988): 236)
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OLS procedure to minimise the sum of squared error terms. 
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Imposing a restriction involves constrained optimisation with a 
Lagrange multiplier. 
 

 ( )'''2' RreeL βλ −+=  
 

( ) ( ) ( )'''2' RrXYXYL βλββ −+−−=  
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Partial derivation of this constrained minimisation 
function (Lagrangian function)  wrt β  and λ  yields 
 

(i)   0'2'2'2 =−+−=
∂
∂ RXbXYXL λ
β  

 

(ii)   ( ) 02 =−=
∂
∂ RbrL
λ  

 
 ''' RYXXbX λ+=  
 ( ) ( ) ( )''''' 11 RYXXXXbXXX λ+= −−  

 ( ) ( ) λ'''' 11 RXXYXXXb −− +=  

 ( ) λβ ''ˆ 1 RXXb −+=  
This is the restricted least square estimator but need still 
to be solved for λ . For that multiply the above equation 
both sides by R 
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( ) rRXXRRRb =+= − λβ ''ˆ 1
 

 

( )[ ] [ ]βλ ˆ''
11 RRbRXXR −=
−−

 
 

( )[ ] [ ]RbrRXXR −=
−− 11 ''λ  

 

( ) ( )[ ] [ ]RbrRXXRRXXb −+=
−−− 111 ''''β̂  

 
Thus the restricted least square estimator is a linear 
function of the restriction 0=− rRb . 
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( ) ( ) ( ) ( )[ ] ( )[ ]bRErRXXRRXXEbE −+=
−−− 111 ''''β̂  

 
( ) β=bE  

 
For variance we need to use property of an idempotent 
matrix AA=A. 
 

Such as ⎥
⎦

⎤
⎢
⎣

⎡
=

6.03.0
8.04.0

A  

Recall in unrestricted case   

( ) ( ) eXXXYXXX ''''ˆ 11 −− +== ββ  
 
( ) ( ) ( ) ( )[ ] ( ) ( )[ ]eXXXRbRErRXXRRXXeXXXbE '''''''' 11111 −−−−− −−+=− β  

 
Since 0=− rRb  
( ) ( ) eXXXMbE '' 1−=− β  
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Where M is the idempotent matrix: 
( ) ( )[ ] RRXXRRXXIM

111 ''''
−−−−=  

The variance covariance matrix of  
 

( ) ( )[ ] ( )[ ] ( ) ( )[ ]''''''cov 11 MXXXeeXXXMEbEbEb −−=−−= ββ  

( ) ( ) MXXMb 12 'cov −= σ  
( ) ( ) 12 'cov −= XXMb σ  

( ) ( ) ( )[ ][ ]RRXXRRXXIXXM
11112 '''''
−−−− −= σ  

Thus the variance of the restricted least square estimator 
is smaller than the variance of the unrestricted least 
square estimator.  
 

( ) ( ) ( )[ ][ ]RRXXRRXXIXXM
11112 '''''
−−−− −= σ  
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Model ttttt exxxy +++= 332211 βββ  
One general restriction may be 

 

Null Hypothesis:          0: 3210 === βββH   
 
A simple restriction 0=− rRb  
 
                           R              b           r 
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where b are the estimates obtained from the sample 
estimation. 



8

F-test for Restrictions in Multiple Regression

tetxtxtxty +++= 33,22,11, βββ  

Estimate 1β  2β  and 3β , and test the following  
Test for Restrictions 

a. 0: 20 =βH  against 0: 21 ≠βH

b. 0: 210 == ββH  against 11 : βH or 2β or 
both are nonzero 

c. 0: 320 == ββH  against 21 : βH or 3β or both 
are nonzero 

d. 0: 3210 === βββH  against 11 : βH or 2β or 

3β or all are nonzero 

( ) [ ] ( )
J

rRbRbRrRbF −−−=
1')cov('

 



9

                         ty 1tx     2tx         3tx
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Computed covariance matrix 
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Variance of Error and the Parameters
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Test of Restrictions -1

ase of (d) rRb = =>
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[ ]
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= 7.79 .F critical value for d.f.= (3,6) at 5% confidence 
interval is 4.76. 
 
F calculated is bigger than F critical => Reject null 
hypothesis, which says 0: 3210 === βββH .  
 
At least one of these parameters is significant and 
explains variation in y. 

Test of Restrictions -2
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Shazam Program to Test of Restrictions-
from HGJ 10.2

read bigr/ rows=3 cols=3
1  0  0
0  1  0
0  0  1
read sr/ rows=3 cols=1
0
0
0
matrix invcov=inv(pcov)
print invcov
matrix F=(beta'*invcov*beta)/3
matrix inv2 =inv((bigr*pcov*bigr'))
matrix FF = ((bigr*beta-sr)'*inv2*(bigr*beta-

sr))/3  
print F ff

OLS y x1 x2 x3/noconstant pcov
test 

test x1 =0
end
OLS y x1 x2 x3/noconstant pcov
test 

test x1 =0
test x2=0

end
OLS y x1 x2 x3/noconstant pcov
test 

test x1 =0
test x2=0

end
read pcov / rows=3 cols=3
0.23153 0.0000    0.000
0.0000  0.073503  0.0184
0.0000  0.018376  0.29401

Calculation of F-statisticsSingle and Multiple Restrictions
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Estimates:

VARIABLE    ESTIMATED   STANDARD   T-RATIO          PARTIAL STANDARDIZED ELASTICITY
   NAME     COEFFICIENT    ERROR       6 DF    P-VALUE CORR.  COEFFICIENT  AT MEANS
 X1         1.6000     0.48118       3.3252     0.0159 0.8051  0.75425      0.40000
 X2        0.87302     0.27111       3.2201     0.0181 0.7959  0.71281      0.43651
 X3        0.96825     0.54223       1.7857     0.1244 0.5891  0.43034      0.16138

Computed variance-covariance matrix

VARIANCE-COVARIANCE MATRIX OF COEFFICIENTS
 X1        0.23153
 X2         0.0000      0.73503E-01
 X3         0.0000      0.18376E-01  0.29401
              X1           X2           X3
*F-statistics for the first restriction
|_test
 |_ test x1 =0
 |_end
F STATISTIC =   11.056673     WITH    1 AND    6 D.F.  P-VALUE= 0.01590
WALD CHI-SQUARE STATISTIC =   11.056673     WITH    1 D.F.  P-VALUE= 0.00088
=> restriction is not valid because the computed F is greater than the critical F(1,6) = 13.75

*F-statistics for the second restriction
F STATISTIC =   10.712866     WITH    2 AND    6 D.F.  P-VALUE= 0.01047
 WALD CHI-SQUARE STATISTIC =   21.425731     WITH    2 D.F.  P-VALUE= 0.00002
=> restriction is not valid because the computed F is greater than the critical F(2,6) = 10.92
*F-statistics for the third restriction
F STATISTIC =   7.7897623     WITH    3 AND    6 D.F.  P-VALUE= 0.01716
 WALD CHI-SQUARE STATISTIC =   23.369287     WITH    3 D.F.  P-VALUE= 0.00003
=> restriction is not valid because the computed F is greater than the critical F(1,6) = 9.15

Shazam Program to Test of Restrictions-
from HGJ 10.2
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read pcov / rows=3 cols=3
0.23153 0.0000    0.000
0.0000  0.073503  0.0184
0.0000  0.018376  0.29401

read bigr/ rows=3 cols=3
1  0  0
0  1  0
0  0  1

read sr/ rows=3 cols=1
0
0
0

matrix invcov=inv(pcov)
print invcov
matrix F=(beta'*invcov*beta)/3
matrix inv2 =inv((bigr*pcov*bigr'))
matrix FF = ((bigr*beta-sr)'*inv2*(bigr*beta-sr))/3
print F ff

|_read pcov / rows=3 cols=3
       3 ROWS AND           3 COLUMNS, BEGINNING AT ROW       1
 |_read bigr/ rows=3 cols=3
       3 ROWS AND           3 COLUMNS, BEGINNING AT ROW       1
 |_read sr/ rows=3 cols=1
    1 VARIABLES AND        3 OBSERVATIONS STARTING AT OBS       1

 |_matrix invcov=inv(pcov)
 |_print invcov
     INVCOV
     3 BY     3 MATRIX
    4.319095       0.000000       0.000000
    0.000000       13.82113     -0.8649666
    0.000000     -0.8638383       3.455306
 |_matrix F=(beta'*invcov*beta)/3
 |_matrix inv2 =inv((bigr*pcov*bigr'))
 |_matrix FF = ((bigr*beta-sr)'*inv2*(bigr*beta-sr))/3
 |_print F ff
     F
    7.789598
     FF
    7.789598


