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Assumptions of a Regression Model

Yi = b+ 0% +€

E[ei ] -0 varle, | = o2
cov(e;e;)=0 forall 1]
Ele,x, |=0

X. IS exogenous, not random
I



How Regression Can do Better than Means in Prediction ?

9i — ﬂl "',Bzxi

|



*The least square line is the line best fits the data set.

*The least square line passes through the average values
of variables X and Y.

Differences between each observation and the line is
represented by error terms .
As some of them are above the line and others below the lin
positive errors cancel out with the negative errors.
sEach dot in the above graph represents an observation.
*Some observations lie above the least square line and other
observations lie below it.

These errors represent missing elements from this relationship.
Omitted variables
Measurement errors
Misspecification



Choose that Minimised the Sum of Error Square
2 Or best fits the data
e =Y, _181 _IBZXi
S . 2 Y )2
=2 6/ =2 (Yi =B - Box
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Normal Equations and Estimators

ZYi = Nﬂl+1822xi

inyi :ﬂlzxi —I—,BZZXiZ

A NZXiYi_ZXiZYi

P, = I I I2
Nzile—(zi:xi)

N\

,61 = y_:ézX



[Total variation] = [Explained variation] + [Residual variation]
df =T-1 K-1 T-K-1

var(y,)= X[y, -7F =2 [y, -5, +&
—Z(yi i) Z +22(y' )

Var(y;)=>(J, - V) + Zéﬁ



Coefficient of determination

2-y) 20 7)+ Z _n2 . R?
1_Z TS0y R? +(L- R?)

Like Parameters R-Square is also a random variable.



Linear, Unbiasedness and Minimum Variance Properties

of an Estimator (BLUE Property)

| | . _Z(xi—XjYi ) _ .
Linearity: #B,= - =Y WY, Unbiasedness E(ﬂﬂzﬂl
> (% —X
f(ﬂl) Minimum Variance
f (,5’1) var[,@zJ:&z 5
X —Yj
:éz _ E(/él): B Bias 133
Bias ) \ ) 10




Multiple Regression Analysis

Two explanatory variables

Yi=pi+ DX+ P, X, +€

A multiple regression Model with k explanatory
variables

Yi=p+ X+ B X+ 6
Wage determination model
w=f(S,AA%T,G,Lc)
Profit
2 -
T = ﬂ(p,a,a P, y,I,W,g)
Investment

| = 1 (r,w,sk ,t,D,P,s)

Money demand

M M .
— ’Y’ 1E
=5 (i,Y,c,E)
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Derivation of Normal Equations in a Multiple
Regression Analysis

0S

8181 Z(Y -f- ,Bleu :Bsxz,i _1):() and
xS

aﬁz Z(Y 181 ﬁlel 183 X 1|) O
xS

aﬁs Z(Y 181 ﬂZX].I 183 2|X X )

Thus normal equations are

ZY' = N,Bl ‘I'ﬁzZX]_,i +1BBZX2,i (2)
le. i :Blleu "‘IBZZXZ +,6’32X1,X2, (3)
ZXZI ,81sz| +18sz1|le +IB3ZX (4)
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Algebraic Method

It is easier to solve this system in a deviation form defining deviation from

the meanzxi,i - Z(Xl,i - )?1): 0 ; ZXZJ - Z(Xz,i - XZ): 0 ;

ZYi = Z(Yi _Y—i): 0

le,i Yi = :Bzlez,i + IB3ZX1,iX2,i (3")
ZXZ,iyi = IBZZXLiXZ,i + ,Bszxzz,i @)

In order get value of 183 eliminate ,32 by multiplying the (3’) by

D XX and @) by 2%
A Z Xl,iXZ,iZ Xi¥i — Z Xz,iYiZ Xii

ps (Z Xl,ixz,ijz _ Z x? Z X
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Algebraic Derivation of Parameters

Use value of the 183 in equation (3”) to get value of
P
Z X1iYi = :Bzz X12,i + ﬁ3z X1iXsy (3’)

2%, Y, . D XaiXo,
9 IZ:X12i :ﬂ2+ﬂ3 IZ Xlgi

DI T DI DI NADIE DI DI
R [men) zaze | FH
Y () ez

The values of :Bs and ,32 can be used to find the
value of ﬁAl.
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Matrix Approach

N YX, S || XV
le,i 2X12,i lel,ixz,i ZlYixl,i

- ZXZLi mexz,i lez,i ZYiXZ,i

XX XY

(X X)X
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Using Cramer’s Rule for Deriving the Slope Parameters

_,8"2 I Z X12,i Z X1i Xy __1_2 YiXq; |
_ﬁj } 2 KXo 2% 2 ViXei| @9

Z YiXq; Z XpiXgi
Z YiXyi Z X22,i

Z YiXq; Z X22,i - Z X1iXoi Z YiXyi

~

/: IFCRD Y (Z xxj
Z Xy X5, Z X5, i i i
(19)
PO
lellx2 Z:: YiX, Z yixz,izi: X2 = Z xllixzjz VX,

Z X12,i Z X1iX2i

i i
Z Xl,i X2,i Z X12,i
i i

) ST
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Variance and Covariance of Estimated OLS

Parameters

var(g,)  Cov(B,5,) Cov(B.,f,)
cov(B)=|Cov(B,,8,) var(B,)  Cov(B,,p;)
Cov(B,, ;) Cov(B,,B,) var(B,)

Cov(B)=(X'X) "o’
This 1s also true for the deviation form

-1 2
Cov(B)=(x'x)"o
In this matrix, diagonal elements are variances and off-
diagonal elements are corresponding covariance.

Using the property of a symmetric matrix we can write

the variance and covariance of IB 2 and 163 .
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Estimators of Variance and Covariance of the
OLS Estimators

> Y5
var( ) = !
qu ZX1,|X2,i lez,izxzz,i _le,iXZ,i le,ixz,i
i i i i i
le,ixz,i lez,i
| 1
. 2. %07 G2y X,
var( ) = i
Z Xll Z Xl,l X2,i Z X12,i Z X22,i - Z Xl,i X2,i Z Xl,i X2,i
i i i i i
le,ixz,i foi
‘Z Xl I X2 [ &2 Z Xl,i X2,i
covar(ﬂ ,B ) = !
v le,. ZX1,|X2,i lez,izxzz,i _le,ixz,ile,ixz,i
i i [ i i i
le,iXZ,i foi
i i

In order to get the variance of 181 we need to solve 3 by
3 inverse for (x'x)* matrix. 18



Mutlicollinearity
Z YiX,, Z X12,i o Z X,i Xa, z YiXy

Py (3o

Fay

p:

(7.11)

e CONsequences:
Here x1 is constant, x2 and x3 are explanatory variables. Further assume that x2 and x3

are perfectly correlated: x,; = Ax,;. Then (7.10) and (7.11) become as following:

A /122 YiXy; lez,i _Zzlez’i Z YiXy; 0
fy=— ' — =0°" (12

() -+{s)]

Ps :azw (7.13)

(zs] +(xa)

This is the proof of the fact that when two variables are exactly correlated to each other?
the least square procedure completely breaks down.




Breakdown of OLS Estimation In Case of
Multicollinearity in Matrix

Y x2 =Y (X, - X, ) =Y X? - NX? = 21.25-5x (1.94)" = 2.432
Y x2 =Y (X, ) =3 X2 - NX? =531.25-5%(9.7) = 60.8
> xx, =3 (X, - )( X,)=> X,X, - NX,X, =106.25—-5(1.94)9.7) = 12.16
X' X| =

In the presence of multicollinearity

2
2% 2%%] 0432 12.16
' — ., |= —147.86-147.68 =0
D X, Xo, Z X;; | [12.16 60.8
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Hetrosckedasticity

€

e LS assumption: variance of i is constant Var[ei} = 52 for

every ith observation, var(,@’zj =52 but it is

possible that

Causes: Learning, growth, improved data collection, outliers,

omitted variables;
21



Autocorrelation

Assumption behind the OLS

cov(eiej):O forall 1+ ]

Autocorrelation exists when

cov(eiej);tO forall 1+ ]
=Y 4 ~N[0o?

£ correlation coefficient between -1 and 1

22



Linearity of the OLS

Estimators

Linear regression model: Yi :,Bl+ﬂ2xi +€;

X5 %1%i-9)

Linearity of estimator ,32 = 5
(%)

A =X Y.
Proof: ﬁZZZ(X, Xj L= WY

%=X

2
X. —X
I 2
¥(x %]
variable.
Since ﬁz IS linear the ,Blis also Iinear.ﬁlz V—ﬁzi.

=a Is a constant Y is the only random

23



Unbiasedness of the Intercept

el Parameter

Proofs:

£y =E(y-Ayx)=E .n'_.

E[ﬁlj:z{%—xwi}lz[yijz Z{% } (B, + By +e)

ZX
:l(ﬂl—l_ﬂz J {ﬂl ﬂleW +ﬂ2 n_

DlH

E(fy)-35
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Unbiasedness of the Slope

A Parameter
E(3,)= 5
Proof:
B, (% ‘Y)(yiz‘y)zz(xi ‘Y)yzi Sy~ s B+
Z(xi —Yj Z(xi —Yj

| E(ﬁzjz E[xwy; |= E[zwi B+ By%i e ﬂ
“E[ XWX H I |= Ay
ZWiﬂ1=ﬂlZWi =0; Zwiei =0 25

Since



Variance of the Intercept
Parameter

var(,@’l): X2 var[,ﬁ’zj : Since X2is a constant the estimate of
variance of ,81 has the minimum variance if,B2 has the

minimum variance.
26



Variance of the Slope
Parameter

. var(,ézJ:62 1 5

It W?S proved above that
E(,sz = E[zwi yi}z E{zwi (,81+,82xi +e ﬂ
= E{Zwiﬁﬁﬁzzwi X; +zwiei}=,82

var(ﬁz): E[E(gz)ﬂz] =

2| .
=0

e e :{Zwﬁ =)

27



Linear and Unbiased Alternative

Let there be another estimatorEL%gamao’ftgtrmator which is also
linear and unbaised

S
(5%
Z(X|—Xj\; =y kY ki =w+C,

Proof: b2 =

%% =]
b, =¥ kY, =¥k E(ﬁlwzx +e)
= z(w +cj (,Bl+,6’2xl+ej
_E[,BlzwiJr,Bzz X+ Wie i+ﬂlzci+,822cixi+zciei}

Unbiasedness requires that 3'C; =0 >Gi X =0
Dy =Py + 2 W+

28



Proof of the Minimum Variance of the

OLS Estimator
b, =5, +z(wi +C jei

varlb, )= E[b_z ‘ﬁzjz ) _E{Z(Wi G }2

var(sz:&z Z(X 1 XJZ +&22ci2
-

a 1
Thus the variance of this alternative estimator bigger than the

variance of the OLS estimator Var[ 'éZJ —52 1

x|

var[bz) > var( 'éZJ
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