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Abstract

Impact of �scal and monetary policies are assessed in the an open
economy two sector multi-household general equilibrium tax model
with money. There is alarming gap in the distribution of income among
households which none of the stabilisation policies could possiblly
address. Impacts of �scal expansions are positive for all categories of
households but the gains are much higher for household in the upper
income group than for the households in the bottom income group
despite claim of the government to help out to those with the least
means.. Model results show that demand, output, employment are
sensitive to the consumer preference and con�dences and sectoral shift
in the production technology and impacts vary across households.
Simulations result show that monetary policy is less e¤ective in
promoting output, employment and other economic policies than the
�scal policy. Relative price based optimal allocation mechanisms and
redistribution provide several hints on how the complex mechanist of
rellacation and redistribution functions occur in a real economy.

JEL Classi�cation: F41, O11, O33, O41
Keywords: Open economy, general equilibrium with money

Introduction

Economic crises of 2008/09 that originated from the burst of housing
market bubble and the credit crises in the US has spread around the
globe.

Recession is predicted in the US, UK, EU, Japan and many other
advanced countries.

It has slowed down growth and other economic activities in many
developing countries.

Output, employment, investment, capital accumulation, exports,
imports are predicted to shrink causing alarming loss of income,
deterioration in living standards of households and loss of business or
pro�t prospects of small, medium and large scale �rms.
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Current Crises and Policy Responses

Governments have attempted to stimulate the aggregate demand by
expanding the public expenditure and cutting down the taxes despite
risk of accumulation of public debt.

Central banks have reduced the basic interest rate to a record low
since the beginning of central banking (on January 2009 Federal fund
rate is zero, BOE bank rate is 0.1 percent, ECB1..5, BOE .25) in
order to expand the liquidity is the system.
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Open Economy Two Sector Multi­household General Equilibrium
Tax Model with Money
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Households

Utility of individual household h given by uh . It shares ηh of aggregate
utility U

uh = ηh.U (1)

demand for X1 by household h

xh1 = ηh.X1 (2)

demand for X2 by household h

xh2 = ηh.X2 (3)

Total labour supply of type L1 of household h

Lh1 = θh.L1 (4)

Total labour supply of type L2 of household h

Lh2 = θh.L2 (5)
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Labour Market

Aggregate of labour demand of type L1

L1 =
H

∑
h=1

Lh1 (6)

Aggregate of labour demand of type L2

L2 =
H

∑
h=2

Lh2 (7)

Aggregate of capital demand of type K1

K1 =
H

∑
h=1

K h1 (8)
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Capital Market

Aggregate of capital demand of type K2

K2 =
H

∑
h=2

K h2 (9)

Aggregate income is the total of the household income

I =
H

∑
h=1

I h (10)
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Preferences

U = X α1
1 X

1�α1
2 (11)

Demand for both goods X1is derived from the standard optimality
conditions as

X1 =
α1.I

P1 (1+ t1)
(12)

Demand for both goods X2is derived from the standard optimality
conditions as

X2 =
(1� α1) .I
P2 (1+ t2)

(13)

Technology of production of good 1 Y1is

Y1 = L
β
1K

1�β
1 (14)

Technology of production of good 1 Y2is

Y2 = L
γ
2K

1�γ
2 (15)
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Optimal Conditions

Optimal conditions for �rm 1 is given by

β

(1� β)

K1
L1
=
w1 (1� tw1)
r1 (1� tr1)

(16)

Optimal conditions for �rm 2 is given by

γ

(1� γ)

K2
L2
=
w2 (1� tw2)
r2 (1� tr2)

(17)

Resource of �rm 1 is

C1 = w1L1 + r1K1 (18)

Resource of �rm 2 is

C2 = w2L2 + r2K2 (19)
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Budget Constraints

Households receive income from labour and capital income and from
transfers and net borrowing as:

I = w1L1 + r1K1 + w2L2 + r2K2 + TR + B (20)

Market clearing conditions in goods market are

X1 = Y1 � G1 � (EX1 � IMP1) (21)

X2 = Y2 � G2 � (EX2 � IMP2) (22)

Labour market clearing implies

L1 + L2 =
�
L (23)

Capital market clearing implies

K1 +K2 =
�
K (24)

Aggregate volume of output

P1Y1 + P2Y2 = P.Y (25)
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Monetary Sector

Quantity theory of money implies

P.Y = MS .V (26)

Initial reserve of the banking system

R = C +D0 (27)

Currency in circulation

C = φ.R (28)
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Initial deposit

D0 = (1� φ) .R (29)

Total deposit

TD =
D0
rr

(30)

Aggregate money supply in the economy:

MS = C + TD (31)
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Government Sector

Government collects revenue from direct taxes on capital and labour
income and indirect tax on commodities as:

RV = t1.P1.X1 + t2.P2.X2 + tr1.r1.K1
+tw 1.w1.L1 + tr1.r2K2 + tw 2.w2.L2 + TR + B (32)

Aggregate government expenditure

G = G1 + G2 (33)

Sectoral government expenditure on sector 1 goods

G1 = g1.RV (34)

Sectoral government expenditure on sector 2 goods

G2 = g2.RV (35)

Budget de�cit

B = G � RV (36)
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External Sector

Exports from sector 1

EX1 = e1.Y1 (37)

Exports from sector 2
EX2 = e2.Y2 (38)

Imports from sector 1

IMP1 = m1.Y1 (39)

Imports from sector 2
IMP2 = m2.Y2 (40)

Exchange rate

ER =
P1.EX1 + P2.EX2

PM1.IMP1 + PM2.IMP2
(41)
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Parameterisation

Table: Preference and share parameters of households

h1 h2 h3 h4 h5 h6 h7 h8 h9 h10
αh 0.44 0.48 0.49 0.41 0.47 0.57 0.47 0.55 0.48 0.47

θh 0.02 0.03 0.04 0.05 0.06 0.08 0.11 0.15 0.20 0.25
ηh 0.02 0.02 0.03 0.04 0.04 0.05 0.06 0.08 0.09 0.57
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Parameterisation

Table: Policy and Technology Parameters

t1 t2 tw 1 tw 2 tr1 tr2 e1 e2 m1 m2 R g1
0.25 0.15 0.40 0.10 0.05 0.3 0.25 0.30 0.15 0.50 100 0.25

α β γ
�
L

�
K C1 C2 v φ rr TR g2

0.4 0.6 0.5 200 500 1000 800 1 0.03 0.05 0 0.1
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Resutls

Figure: Level of Welfare of the Household in the Lowest Income Decile

Util_a Util_b Util_gm Util_R Util_f Util_m Util_fm
h1.sc1 0.792 0.726 0.385 0.449 0.556 0.556 0.556
h1.sc2 0.792 0.792 0.556 0.556 0.556 0.556 0.556
h1.sc3 0.784 0.743 0.541 0.556 2.197 0.556 0.540
h1.sc4 0.777 0.695 0.526 0.556 2.197 0.556 0.523
h1.sc5 0.770 0.647 0.512 0.556 2.197 0.556 0.506
h1.sc6 0.762 0.601 0.499 0.556 2.197 0.556 0.489
h1.sc7 0.755 0.556 0.487 0.556 2.197 0.556 0.473
h1.sc8 0.748 0.512 0.476 0.556 2.197 0.556 0.456
h1.sc9 0.740 0.469 0.466 0.556 2.197 0.556 0.439
h1.sc10 0.733 0.426 0.457 0.556 2.197 0.556 0.422
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Resutls

Figure: Level Welfare of the Household in the Highest Income Decile

Util_a Util_b Util_gm Util_R Util_f Util_m Util_fm
h10.sc1 22.564 20.680 10.964 12.785 15.856 15.856 15.856
h10.sc2 22.564 22.564 15.856 15.856 15.856 15.856 15.856
h10.sc3 22.353 21.163 15.414 15.856 62.606 15.856 15.380
h10.sc4 22.142 19.794 14.996 15.856 62.606 15.856 14.903
h10.sc5 21.932 18.454 14.603 15.856 62.606 15.856 14.426
h10.sc6 21.722 17.142 14.234 15.856 62.606 15.856 13.949
h10.sc7 21.513 15.856 13.891 15.856 62.606 15.856 13.471
h10.sc8 21.304 14.597 13.574 15.856 62.606 15.856 12.993
h10.sc9 21.096 13.362 13.283 15.856 62.606 15.856 12.515
h10.sc10 20.888 12.151 13.020 15.856 62.606 15.856 12.036
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Resutls
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Figure: Baseline Model and Sensitivity of agrregate Preference (Alpha)

sc1 sc2 sc3 sc4 sc5 sc6 sc7 sc8 sc9 sc10
X1 116.26 116.26 122.02 127.77 133.52 139.26 145.01 150.75 156.49 162.22
X2 190.35 190.35 184.06 177.78 171.49 165.20 158.91 152.62 146.32 140.02
L1 88.89 88.89 92.99 97.06 101.10 105.11 109.09 113.04 116.97 120.86
L2 111.11 111.11 107.01 102.94 98.90 94.89 90.91 86.96 83.03 79.14
K1 173.91 173.91 183.41 192.98 202.64 212.39 222.22 232.14 242.15 252.25
K2 326.09 326.09 316.59 307.02 297.36 287.61 277.78 267.86 257.85 247.75
P1 6.19 6.19 6.20 6.20 6.20 6.20 6.21 6.21 6.21 6.21
P2 5.67 5.67 5.67 5.67 5.67 5.67 5.66 5.66 5.66 5.66
R1 2.30 2.30 2.18 2.07 1.97 1.88 1.80 1.72 1.65 1.59
R2 1.23 1.23 1.26 1.30 1.35 1.39 1.44 1.49 1.55 1.62
W1 6.75 6.75 6.45 6.18 5.94 5.71 5.50 5.31 5.13 4.96
W2 3.60 3.60 3.74 3.89 4.04 4.22 4.40 4.60 4.82 5.06
UTIL 156.28 156.28 154.87 153.73 152.84 152.20 151.80 151.64 151.73 152.05
ALPHA 0.40 0.42 0.44 0.46 0.48 0.50 0.52 0.54 0.56 0.58
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Dynamics in Cash in Advance Economy

problems of the household now becomes:

max
∞

∑
t=0

�
βtU(Ct )� V (Nt )

�
(42)

Subject to the technology constraint:

Yt = zNt (43)

Cash in advance constraint

PtCt + qtBt+1 + PtstXt+1 + PtTt = Mt + Bt + PtXt (44)

where PtCt is consumption expenditure Pt price of goods, Ct
consumption, Bt+1is the amount of nominal bonds qt is the price of
nominal bonds, Xt+1real bonds st prices of real bonds, Tt lump sum tax
payment, Mt money.
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Cash in Advance Economy

Budget constraint of the consumer:

PtCt + qtBt+1 + PtstXt+1 + PtTt +Mt+1 = Mt + Bt + PtXt + PtzNt
(45)

Government�s budget constraint:

M t+1 �M t = �PtTt (46)

Assuming a constant rate of money growth α and M t+1 = αM t

αM t = �PtTt (47)
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Cash in Advance Economy

ptCt + qtbt+1 (1+ α) + ptstXt+1 + ptTt = mt + bt + ptXt (48)

and

ptCt +qtbt+1 (1+ α)+ptstXt+1+ptTt +mt+1 (1+ α) = mt +bt +ptXt +ptzNt
(49)

The representative agent chooses Ct , Nt ,bt+1,Xt+1,mt+1from
t = 0, 1, 2, .... to ∞.

Bellman value function for this problem is:

v (mt , bt ,Xt , pt , qt , st ) max
Ct ,Nt ,bt+1,Xt+1,mt+1

∞

∑
t=0

�
βtU(ct )� V (Nt )

�
+ βv (mt+1, bt+1,Xt+1, pt+1, qt+1, st+1)

(50)
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Cash in Advance Economy

The Lagrange multiplier of this problem is:

L (Ct ,Nt , bt+1,Xt+1,mt+1,λt , µt ) (51)

=
∞

∑
t=0

�
βtU(Ct )� V (Nt )

�
+λt [mt + bt + ptXt � ptCt � qtbt+1 (1+ α)� ptstXt+1 � ptTt ](52)

+µt

�
mt + bt + ptXt + ptzNt � ptCt

�qtbt+1 (1+ α)� ptstXt+1 � ptTt �mt+1 (1+ α)

�
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First Order Conditions in Cash in Advance Economy

First order conditions for optimisations:

Ct : U 0(Ct )� (λt + µt ) pt = 0 (53)

Nt : V 0(Nt ) + µtptz = 0 (54)

bt+1 : �qt (1+ α) (λt + µt ) + β
∂v

∂bt+1
= 0 (55)

Xt+1 : �ptst (λt + µt ) + β
∂v

∂Xt+1
= 0 (56)

mt+1 : � (1+ α) µt + β
∂v

∂mt+1
= 0 (57)
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Solutions of the Cash in Advance Economy

By envelop theorem:

∂v
∂bt

= (λt + µt ) (58)

∂v
∂Xt

= pt (λt + µt ) (59)

∂v
∂mt

= (λt + µt ) (60)

Combiling above conditions:

�qt (1+ α)U 0(Ct )
pt

+ β
U 0(Ct+1)
pt+1

= 0 (61)

�sU 0(Ct ) + βU 0(Ct+1) = 0

� (1+ α)V 0(Nt )
ptz

+ β
U 0(Ct+1)
pt+1

= 0
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Solutions of the Cash in Advance Economy

Market clearing conditions

mt = 1, bt = 0,Xt = 0 (62)

Putting these equilibrium conditions in the budget constraint (in cash
advance model all money is held for consumption)

ptCt = 1+ α (63)

All output is demanded for consumption

Ct = /zNt (64)

Putting steady state conditions Ct = C , Nt = N,pt = p, qt = q,st = s, in
optimal functions

qt =
β

1+ α
(65)

Keshab Bhattarai University of Hull () Allocation and Welfare in General Equilibrium Tax Model with Money for an Open Economy
June 2009, EEFS Warsaw. Preliminary, Commets Welcome 38

/ 61



Solutions of the Cash in Advance Economy

s = β (66)

(1+ α)V 0(Nt )� βzU 0( /zN) = 0 (67)

p =
1+ α

C
(68)

C = /zN (69)

Lagrange multipliers

λ =
U 0 (C )
p

� µ =
CU 0 (C )
1+ α

� V
0 (N)
pz

=
CU 0 (C )
1+ α

� β

1+ α

U 0 (C )
p

=
CU 0 (C )
1+ α

�
1� β

1+ α

�
=
CU 0 (C )
1+ α

(1� q) (70)
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Equilibrium in Cash in Advance Economy

Nominal interest rate

R =
1
q
� 1 = 1+ α

β
� 1 (71)

Real interest rate equals the subjective rate of time preference:

r =
1
s
� 1 = 1

β
� 1 (72)

In�ation rate

i =
Pt+1
Pt

� 1 =
pt+1M t+1

ptM t
� 1 = 1+ α� 1 = α (73)

Fisher equation

1+ r =
1+ R
1+ i

=
1+ α

β
� 1+ α =

1
β

(74)
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Employment and Welfare in Cash in Advance Economy

Impact of growth rate of money supply on employment is obtained by total
di¤erentiation

dN
dα

=
�V 00

(1+ α)V 00 � βz2U 00
< 0 (75)

From the equilibrium condition Y = C = zN output, consumpiton also
decline as in�ation distorts the intertemporal decisions. Period t labour
income is erroded when it is consumed in period t + 1.

The optimal rate in�ation can be solved from the social planner�s problem

max
fCt ,Ntgt�∞

t+0

∞

∑
t=0

�
βtU(Ct )� V (Nt )

�
(76)

subject to Yt = Ct = zNt .
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Implementation of the Cash in Advance Mode

l

Transitional dynamics of above models is analytically less tractable.

A simple version of the CA model is implemented for two di¤erent
scenarios for �nding the transitional dynamics of the model

Table: Parameters of CA Model

Parameters δ α β gy L0 v gm z M0

Scenario 1 0.05 0.5 0.95 0.01 100 1 0.01 (0.1, 0.1) 100
Scenario 2 0.05 0.4 0.99 0.02 100 5 0.02 (0.1, 0.1) 100
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Financial crises occur because of shift in the investor and consumer
con�dences, change in perceiptions and beliefs and technological
shocks that hit the system.

The impact of such changes can be very sudden which a¤ect the
velocity of circulation money, technological progress, discount factors
or the belief in the underlying growth rate of the economy.

This impacts on prices, trend of output, prices and other features of
the economy.

Path of model variables implied by the solutions are given in the pdf
�les in the appendix. Initial �nancial crises has adverse impact on
investment and that lowers the capital formation, output and
consumption as shown in the following diagramme.
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Implementation of the Money in Utility Function Mode

l

Table: Parameters of MIU Model

Parameters δ α β gy L0 v gm z M0

Economy 1 0.05 0.5 0.95 0.01 100 1 0.02 (0.1, 0.1) 100
Economy 2 0.05 0.4 0.99 0.02 100 5 0.02 (0.1, 0.1) 100

Detailed time path of variables yt , kt , ct , kt , pt are shown in series of
diagram at the end.
Underlying factors for such �uctuations are the moral hazard and adverse
selection between lenders and borrowers or the public or the private sectors
or the shocks to the technology or sudden shift in the belief.
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Analysis of results of all economic activities is the welfare of the
households from the consumption of goods and services reveals how
�nancial crises impacts their prospects.

Producers face lower stock of capital and to combine labour and can
supply less of those goods and have to pay more for factors.

Direct and indirect taxes distort choices of households.
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Employment and Welfare in Cash in Advance Economy

The solution of the otimal planner is characterised by

zU
0
(zN�)� V 0

(N�) = 0 (77)

where N� is optimal employment. The optimal growth rate of money
supply is given by the Friedmand α = β� 1where the nominal interest rate
is zero, the real interest rate is r = 1

β � 1, Cash in advance constraint does
not bind α = β� 1 because λ = 0. Rate of return in all assets are equal
in equilibrium.
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Money in Utility Function

maxW =
∞

∑
t=0

�
βtU(ct ,mt )

�
(78)

Subject to the technology constraint:

Yt = F (Kt ,Nt ) (79)

Under constant returns to scael yt = f (kt ) where yt = Yt
Nt
and kt = Kt

Nt
.

Cash in advance constraint

Yt + τtNt + (1� δ)Kt�1 +
Mt�1
Pt�1

= Ct +Kt +
Mt

Pt
(80)
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Money in Utility Function

In per capita terms

ωt = f (kt�1) + τt +

�
1� δ

1+ n

�
kt�1 +

mt�1
(1+ πt ) (1+ n)

= ct + kt +mt

(81)

The dynamic program of this problem is:

V (ωt ) = u (ct ,mt ) + βV (ωt+1) (82)

V (ωt ) = max
�
u (ct ,mt ) + βV

�
f (ωt � ct �mt ) + τt+1 +

�
1� δ

1+ n

�
(ωt � ct �mt ) +

mt
(1+ πt+1) (1+ n)

��
(83)

Keshab Bhattarai University of Hull () Allocation and Welfare in General Equilibrium Tax Model with Money for an Open Economy
June 2009, EEFS Warsaw. Preliminary, Commets Welcome 49

/ 61



Money in Utility Function

The Lagrange multiplier of this problem is:

L (ct ,mt ,λt ) =
∞

∑
t=0

�
βtu(ct ,mt )

�
+

∞

∑
t=0

λt

�
f (ωt � ct �mt ) + τt+1 +

�
1� δ

1+ n

�
(ωt � ct �mt ) +

mt
(1+ πt+1) (1+ n)

�
(84)

where λt is the lagrange multipliers.
First order conditions for optimisations:

ct : uc (ct ,mt )� β

�
fk (kt ) +

�
1� δ

1+ n

��
Vω (ωt+1) = 0 (85)

Here marginal utility of holding capital β
�
fk (kt ) +

� 1�δ
1+n

��
Vω (ωt+1)

should equal the marginal utility of consumption uc (ct ,mt ).

m : um(ct ,mt )� β

�
fk (kt ) +

�
1� δ

1+ n

��
Vω (ωt+1)+

βVω (ωt+1)

(1+ πt+1) (1+ n)
= 0

(86)
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Opitmality in Money in Utility Function Model

Transversality conditions

lim
t!∞

βtλtkt = 0; lim
t!∞

βtλtmt = 0 (87)

By envelop theorem:

λt = Vω (ωt ) = uc (ct ,mt ) (88)

This condition can be inserted into the �rst order condition to get

um(ct ,mt ) +
βuc (ct+1,mt+1)
(1+ πt+1) (1+ n)

= uc (ct ,mt ) (89)
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Opitmality in Money in Utility Function Model

By constant returns to skale assumption
r kk + w = fkk + (f (k)� fkk) = f (k)

Consider a steady state with n = 0.and
Vω (ωt ) = Vω (ωt+1) = Vω (ωss ). From the �rst �rst order conditions
1� β [fk (kss ) + (1� δ)] = 0

fk (k
ss ) + (1� δ) =

1
β

Assuming a Cobb-Douglas production function f (k) = kα this condition
converts to αkα�1 + (1� δ) = 1

β
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Solutions of Money in Utility Function Model

kss =
�

αβ

1+ β (1� δ)

� 1
1�α

(90)

Consumption

css = f (kss )� δkss =
�

αβ

1+ β (1� δ)

� α
1�α

� δ

�
αβ

1+ β (1� δ)

� 1
1�α

(91)

Steady state in�ation rate equals growth rate of money supply

∆mss

mss
=

θss � πss

(1+ πss )
= 0
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Conclusion

Impact of �scal and monetary policies are assessed in the an open economy
two sector multi-household general equilibrium tax model with money.

There is alarming gap in the distribution of income among households which
none of the stabilisation policies could possiblly address. Impacts of �scal
expansions are positive for all categories of households but the gains are
much higher for household in the upper income group than for the
households in the bottom income group despite claim of the government to
help out to those with the least means..

Model results show that demand, output, employment are sensitive to the
consumer preference and con�dences and sectoral shift in the production
technology and impacts vary across households.

Simulations result show that monetary policy is less e¤ective in promoting
output, employment and other economic policies than the �scal policy.

Relative price based optimal allocation mechanisms and redistribution
provide several hints on how the complex mechanist of rellacation and
redistribution functions occur in a real economy.
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