Advanced Economic Theory

Definition of a univariate time series process

Trends, cycles, seasons and random elements
Box-Jenkis (1976) approach AR, MA, ARMA, ARIMA
Forecasting and forecast errors with univariate TS models
Stationarity and spuriousness

Unit root test and transformations of data for stationarity
Granger representation theorem, cointegration and error correction
Vector Autoregression

Eigen values and Eigen vectors

Johansen’s tests of coitegration

Impulse Response

Forecasting
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Four components or a |Ime series

Time Series
Vi =H TV, TY, TV, T & EtNN]D(O,O'?)
Trend M = My + Py +10, &, ~ NID(0,5? )
2
IBI :IBt—l +§t 6 NN[D(O’O-QV)
_ - 2
sason V., ==V T Visst +a)t w, ~ N]D(O,GW)
Vi cosd, sind; |4, | |o, J=1]s/2]
v, | |-sind, cosi, || A, ’ o t=1,..,T
v, | cosd, sind |y, Nk t=1,..,T 0<p, <l
ycle v, ~ Py —sinA, cosA | w, K
Random Vi = PV te, £ ~NID(0,5? )
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Random Shocks (e) -
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Convergent Stationary Series (x(T)= e(t) +0.5*x(t-1))

Values of X
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Values of Y

Non-Stationary Cyclical Fluctuation (X(t) = e(t)-x(t-1))
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Periodic Functions: sin(x3) and cos(x3)
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a=1.3

=05 | Business Cycle from Technical Shock

x, =ax,  —bx,_,+e,
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Trend with Cycle
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Stamp Program for Time Series Analysis

timation sample is 1971. 2 - 2000. 1. (T= 116,n= 111).

g-Likelihood is 250.781 (-2 LogL = -501.563).
ediction error variance is 0.0106071
mmary statistics
ER

t(d.Error  0.10299
ormality 9.9490
(37) 0.58124

1) 0.0039775

9) -0.10584
\ 1.9721
(9,6)  7.2307
"2 -0.41360

X = Trend + Trigo seasonal + Expl vars + Irregular

Eq 3 : Estimated coefficients of final state vector.

Variable  Coefficient R.m.s.e. t-value
Lvl 1.2519 0.26875 4.6583 [ 0.0000]
Slp -0.0056233  0.0082428  -0.68221 [ 0.49¢

Sea_1 0.0026817 0.0081813  0.32779 [ 0.74
Sea 2 0.0017017 0.0081876  0.20784 [ 0.8:
Sea 3 -0.00036460  0.0040829 -0.089298 [ 0.!
Eq 3 : Estimated coefficients of explanatory variables.

Variable  Coefficient R.m.s.e. t-value

ER 1 0.22213  0.096664 2.298 [0.0234
ER 2 -0.070019  0.099049  -0.70692 [ 0.48
ER 3 0.027285  0.099054 0.27545 [ 0.78:
ER 4 0.035090 0.096723 0.36279 [ 0.71

Eq 3 : Seasonal analysis (at end of period).
Seasonal Chi*2( 3) test is 0.173462 [0.9818].
Seas 1 Seas 2 Seas 3 Seas 4
Value 0.0023171 0.0020663 -0.0030463 -0.001:
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Forecasting of the Exchange Rate
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Box-Jenkins Approach (1976)

* An example of data generating process (dgp)

* Autoregressive model AR(p)
— Mean, variance and autocorrelation functions

* Moving average models MA(Q)
— Mean, variance and autocorrelation functions

» Autoregressive moving average ARMA(p,q)
 ARIMA (p,d,q)

* Importance of Stationarity

» Test for Unit rood

AET:2007:KB 13



An AR(1) Data Generating Process

V¢ :pyt—1+vt

Yec1 =PYi_2 TV

Vip =PV 3%V 3

Vi3 =PV 4"V -4

From substitution
YV = pyl‘—l +Vt —

yf:p{pyt_z—l_ _1} f — P Vit Pyt V¢

V= PPy, 3tV |+

yl':tT :2007:KB

[pyt—3 + Vz—2]+ Pv, .+ Vf — ,03yt—3 + pzvz—z +pPv,  +V



R(1) Time Series as a Function of Past Innovations (Impulses or Shocl

n—l1 3 2
Ve Fe AP0V, APV, St

— AN
V=P Vi_py TP P

(6)

n
In the limit the term £ Vi—n becomes close to zero a:
n—> 0,
Rearranging (6) we can write b/t} in terms of current

and past values of error terms

_ 2 3 4 n—l|
Yy =V, PV, StV AP Y, A p T

(7)
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viearl difld urrie veperidaerit valrialice

What is the mean of {y,{in (7)?

E(yt):E(vt)+pE(vt_lj+sz(vt_2j+p3E(vt_3j+p4E(vt_4]+...+pn_lE(Vt_nj

2
Because of assumption V¢ ~ N [O O, j : E(yt) =0
What is the variance of {y,} ?

var (v, )=Varl o e ol 02,y b 026, b oy e o, i P =1

and

if there is no autocorrelation among the random terms E (Vtvt _ lj =0

Var(ytjzag+ag+ag+ ..... +0§=t.ag

Thus the variance of Y term increases with time. This makes this series non
stationary.

Rule of thumb : A series is non-stationary if ‘ P ‘ >1,
A series i1s stationary if ‘/0 ‘ <1 .

AET:2007:KB 16



Moving Average-MA Process

Y,=pu+e+ae

E@t) 1"t-1

Var(yt): var(u+e, + alet—l) = 0'62(1 + al)

cov(YyY, )= E(y; =)y, |~ H) =0

Autocorrelation function: 1t tapers off after k lags
t o (1 +a )

€ 1

Some examples of MA (1) process:

Y, =p+e +0. Set

]
+e,—0.8e
G hre 08¢

17



MA(2) Process

Y =pHt+e tage €,

E(y) 171

_ _ 2 2.2
Var(yt)— var(u+e, e +052et_2) =0} Ll +a1 +052]

cov(¥,Y, ) =EQy~),_| 1) =03 a, +aa, |

cov(YyY, ) =E(y =, _y~ 1) =a0¢
cov(Y, Yt—3) 0
- cov(yt/yt\_l) _ al(1+a2j
- varyy) (1+a12 +a%j
COV| yty . a
P, = ( /t\zj_ 1 > P =0

varly;) (1+a12 +a%]

A MM & process has tow period long memory.



Autoregressive Process

E(yt)—E(yt_lj— ..... —E(yt_ka,u

E(y,) (5+91yt 1—i—etj

H=0+0u ; u=%

Var@t): Var(é?lyt_l +et) => O'J% = 1?52
1

cov( VY, )= EQy=E(v, ), _y = E(7, ) =603

Some examples:

Y, = O.Syt_1 +e,

Y, =-0. Syt 1 te

Convergence occurs if ‘ ‘<1 The series is called

stationary.
AET:2007:KB



ARMA(1,1) Process

Yz‘ =5+6’1yt_1+et+alet_1

2

Var(yt): E{(yt —,u)z} =F (5+(91yt_1 +e +alet_1)

2 2,22 nn
= 6’1 70 +0; +051 o} +26’1051E[ Y,_q€ t—l}

AET:2007:KB



Steps for estimating AR, MA and ARIMA model in PcGive

* Prepare a time series data in excel and open it with
GiveWin (stockprice.xls, Diesel weeklyUS.xIs)

« Start PcGive and Select Packages Time series Model
and ARFIMA

* Formulate Model/Choose variables for analysis

« Select constant/trend/seasonal elements as necessary
* Choose order of AR or MA in model settings

« Choose maximum likelihood or non-linear method

« Perform estimation and study results

« Do graphics of actual and fitted values

« Choose the forecasting horizon and settings for the error
bands

« Study the graphs and compare to the hypothesis
 These issues can be studied also in X12 ARIMA

AET:2007:KB 21



/-\Utoreg esSsive AR 1) FIroCess

y:5+6’1 y—i ; Assume s=0 means E()/)ZO

1-6
1
2
Var(yt)z Var(é’ly 1 +et) => a)% _ : 62 .
|

cov(YyY, )= E(y,~E(y, ), _|~E(3, ) =003

Some examples:

Y, =0.8y 1te

Y, = —O.8yt_1 +e

Convergence occurs 1f ‘«91‘ <1. The series 1s called

AETZZOO?SIL(@tionaI’Y.
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IVIOVITIY AvVeIAdC-IVIA( |)
Process

Yt =ptetaoe 4
Eb’t): H
Var(yt): var(u +e +alet_1) = 082(1 +051j

_ _ 2
cov(VyY, )=E(y,—)(y,_{-#)=0ga

Autocorrelation function: it tapers off after k lags

_eovuy)_ ep

p -
1 Varb’z) o-e2 (1 +a12j

Some examples of MA (1) process:

Y, =pu+e +O.8€t_1

Y;g:,u+e —0.8¢e

ET:2007:K -1
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ARMA(1,1) Process: Mean and Variance

Y 5+6’1yt_1-|—e +alet_1 _ _

7/Ozvar(yt):E{(yt—,u)2}=E (§+6’ Y tetae, 1)2

+ 26’1051E [ V1€ t—l}

= (91270 + 0'82 +0‘12032

2
- )
E[ytlt—l} (5+‘91yz—2+ez—1+0‘1ez—zjer—1‘E(et—lj ~ %

2

_(Hoz1 +2¢91a1j 2

0T e T
1

AET:2007:KB 24




ARMA(1,1) Process: Covariance

'[yz—lyt}:E[(Melyt—l T +0‘1ez—1)yz—1}:‘9170 tao

2
(1 + al + 26’1051} 2

2

_yt—lyt}:E{gl(yt—lyt—l)}rEal{yt—let—J:91

5 o, +a,0,
1—91
(l+a2+2¢9aj
[y y }:9 | 11 02+a02:6’1<1+a12+2¢91a1)+a1—alﬁf 52
—17t 1 1_92 e 19 1_012 e
1

0, +al0, +200a, +a, —a,6; o («91 +a.0, + 0] a, +a1)02 - 6, +a, ) 1+6,a,)
{ = = = (

1-6; ‘ 1-6; ‘ 1-6;

AET;ZQ(ﬁ;K? lj/k—l k > 2
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Coefficients

2
_cov(ytyt_lj_ 7/1 ) £1+a1 \Jt26’1alj\

Var( % t) 70 (6’1 ta, 11+6’1a1)

Pr =" k-1

This process converges when O < 'OZ <1

AET:2007:KB 26



I dilidl dUuiltVvuulICIiIdlivil TUuliviiiviil daiiuv
Ljung and Box statistics

p =
varly, | 70 ,

where 7 g~ Z(yt _y)](ﬂyﬁs _J_/j y 0 Z(ytT_ )7)

Use Ljung and Box statistics to test whether all IO are
equal to zero

52
_ LY
Q_T(T+2)S§::1 -

This statistic has a A 7 distribution.

AET:2007:KB 27



AR(2) Process: Mean

E,)-£ (5+6'1yz 110, 1+€t)

B B o
p=0+0ut0, “T1m6 o,

AET:2007:KB 28



.l \\Ll i I \WI\IIIJI . V AL ITGAT VW Al T\

Covariance
far(yt):E_(Hlyt 1+6’2 2+et)Vt

_ 2 _
70 —917/1 +¢927/2 +0;

VY )= = [(‘91% 1Ty, ot )y k}zelyk—ﬁ‘gzyk—z

k=0 1797k
Dividing both sides by 70

Pr=01Pr 1700 5

AET:2007:KB 29



1l \\Al 1 1 \NWINJWIIIs 1 Al LlaAial

autocorrelation

P =011 _1 9P _»
'Ok:p—k IOOZI
o 2

AET:2007:KB
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MA(Z) Process

Y, =pu+e +ae +ae,

-1
E(yt):,u

Var(y ):Var(y+e taoge, tae )= 02{14-052 +a2]
! TN —2 € ;2
cov(tyY, )=EQ )y, _;—H)= oe( i +a1a2j

cov(V,Y, ) =E(; =)y, _o—H) =02

cov(Y Yt—3) 0

. cov(ytyt 1) 1(1+a2j
| Val‘b/t) (1+a2+a2j

1 2
. cov(ytyt 2) al N
2 Val’b/t) (1+al2+a§j 9

Ae™AL &y process has tow period long memory.



VECaKly FTICCS O DIesCl In the Ud AR(0O) MIOdCL: FCUlVe UTrapnics

Fitted

— ‘7 Price
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VOl alldos 101 ANRNNVIA \£,£) 101cLdasllly

model

Arima C/ NAR=2 NMA=2 Predict=predc plotac plotpac acf=cacf
plot predc c year /gnu lineonly

dim alpha 3

genl alpha:1=0.5

genl alpha:2=-0.2

genl alpha:3=100

arima ¢ /NAR=1 NMA=1 coef=beta start=alpha

genl S=sqrt($sig2)

arima ¢/NAR=1 NMA=1 coef=beta tbeg=26 fend=30 sigma=s gnu
arima ¢/NAR=1 NMA=1 coef=beta fbeg=26 fend=35 sigma=s gnu
arima ¢/NAR=1 NMA=1 coef=beta fbeg=26 fend=40 sigma=s gnu
arima ¢/NAR=1 NMA=1 coef=beta fbeg=26 fend=50 sigma=s gnu
arima ¢/NAR=1 NMA=1 coef=beta tbeg=26 fend=100 sigma=s gnu

Plot of predected and actual investment series. It is a very good prediction.

AET:2007:KB



Prediction with an ARIMA Model
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Forecast from an ARIMA Model

C
500000 ‘ ‘ ‘ ‘ Series —— c
F 550000 —
450000 | Approx. 95% confidence i Fo§§élaessi
500000 - Approx. 95% confidence int
400000 + Y. g 450000 -
350000 / 400000 |
300000 | P | 350000 | /
250000 { 300000 7 //
250000 - //
200000 : : ‘ ‘ ‘
5 10 15 _20 25 30 35 200000 ‘ ‘ ‘ ‘ ‘ ‘ ‘
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Time
C C
600000 s 700000 ———
Series —— Series ——
550000 - . ) Forecast 650000 ¢ . ] ]
Approx. 95% confidence int 600000 - Approx. 95% con
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450000 ¢ 500000 r
4 L
400000 r 50000
) 400000 +
350000 // 350000 | //
300000 ' 7 f 300000
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Prediction with AR or MA or ARMA

Processes

40000 PRED

GFCAPF
J

35000 -

30000 - /AN

25000

20000 - N \

15000 ‘ ‘ ‘ ‘ ‘

0 20 40 60 80 100 120
TIME
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Economic Forecasting

Mean and Variance Forecast In
AR, MA and ARMA Model

(see more on CGH Chapter 20)

38



h =1 period ahead Forecast in AR(1) Model

+ + e

=040y,
yra=0+Oyptep  epy~NO)
fTﬂ_E( T+1) 5+9

rror of Forecast

'T+1:YT+1_YT+1_5+‘91 T_|_1_§ HlyT:eT_I_

S 2
ar =
AET:2007:KB v (eT _|_1) O, 39



h =2 periods ahead Forecast in AR(1) Model

Vra=0+0yp ter “T+2~ N(O.]
YT+2 — E(YT+1): 5 _I_ HlyT+1
s e =dna = OO ey~ OO0 =er O (vp ~Pp

~ 714 +91(8T+1j

Var(éT_I_l) =0’ (1 +6; )

AET:2007:KB 40



h period ahead Forecast in AR(1) Model

v =0+ Hly T+h—1 " T+h

)/>T+h: (yT+h) §+91yT_|_h_1
b =VYron — Vron :5+61yT+h—1 ter,, _5_‘91),>T_|_h_1 = €r. +‘91(yT+h—1_)A/T+h—

var( T h) (l+6’2+6’4+ + 62 1))

AET:2007:KB 41



h =1 period ahead Forecast in MA(1) Model

Vs :,u—l—et +alet—l

Yra =H e T Her

) =9 = U+
(yT_I_lj Yra—H aleT
(yT+1 _yT+1j:ﬂ+eT+1 TaerTHm e =ep

. 0 2,
(yT+1_yT+1j _Var(eTH) ~%
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h =2 periods ahead Forecast in MA(1) Model

Yrygp SHTCph THer

E(y“zj:ﬁm = U

u+e

) (y T+2 V74 2) T+2 YA THT ey T

n B 2 2
Var(eﬁzj‘var(eﬁz “ T+1j e[”“l)
h period ahead forecasts

E(yT_I_hj:yT#z :ll’l

AET:2007: 43
varle,, ,_)zvar(e,,, - +ae . 1W20'02(1+a12}
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h =1 period ahead Forecast in ARMA(1,1) Mod

Y 5+6’1yt_1 + +alet—1
Y =00y, tep tajer

E(yTJrl):ym —5+6’1yt_1 +a,er

r i (yT+1_yT+1) O+Oy, _+ep taer—0-0y, |—aep=ep
E : 2
Var(T 1) (yT+1_yT+1j _Var(eTHj_Ge
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h =2 period ahead Forecast in ARMA(1,1) Mod

=5+91yt+1+e +a,e

Y142 T7+2 T 41741

E(yT+2j:ﬁ“2 _5+‘91yt+1

5+‘91yt+1+e

%) (yT+2_yT+2j T2 T 070,

N

e 0 +a

T+2:‘91(yt+1 yt+1) R (1 JT 1 ey

Var(éTHj = V&I’[(@l +a1¥T+1 +eT+2} = 082{(6’1 +a1)2 +1}
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h =3 periods ahead Forecast in ARMA(1,1) Model

Vp3=0t0y, s tep staer 5

E(yT+3j:ﬁ“3:5+‘91yt+2

=5+0 —5-6

eT+3:(yT+3_yT+3j Y2 Teri3 T 1t+2

1373 T Ml Y (y (+2 7 t+2j =ery3 T ey T T e

1373 T Ml Y (y (+2 7 t+2j =ery3 T ey T T e

A _ _ 211_
Var(eT+3j—Var(eT+3 +0!1€T+2 +(6?1 +al)eT+1 +eT+2j—0'e [l—((1+a1)2 +(91 +a1)zﬂ
AET:2007:KB 46



Estimates, Tests and Forecasts using AR(1) Model

TBILLS = + 0.9232*TBILLS_1 + 0.7311
(SE) (0.0345) (0.344)

sigma 1.26921 RSS 188.473476
RA2 0.859749 F(1,117)= 717.2[0.000]**
log-likelihood -196.214 DW 1.69
no. of observations 119 no. of parameters 2

mean(TBILLS) 90.38748 var(TBILLS) 11.2927
AR 1-5test:  F(5,112) = 1.6483 [0.1531]

ARCH 1-4 test: F(4,109) = 1.3557 [0.2541]
Normality test: Chi*2(2) = 12.114 [0.0023]**

hetero test:  F(2,114) = 2.5382 [0.0835]

hetero-X test: F(2,114) = 2.5382 [0.0835]

RESET test: F(1,116) = 0.96693 [0.3275]

Horizon  Forecast (SE)
2000-2 5.99349 1.269
2000-3 6.26445  1.727
2000-4 6.51460 2.038
2001-1 6.74555  2.270
2001-2 6.95877 2.450
2001-3 7.15562  2.594

AET:2007:KB 2001-4 7.33736 2.710

NN A -2 cCNCAC- N ONND

Modelling TBILLS by OLS (using uk_r.xIs)

The estimation sample is: 1970 (3) to 2000 (1)

47
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Forecast of Treasury Bills using AR(1) Mode

| Forecasts TBILLS
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Spurious Regression

Consider a stochastic autoregressive AR(1) series:
Ve = PV r—1 TV

Application of OLS 1n this may generate a spurious
regression, with a high R’ and very low Durbin-
Watson statistics (R“>d). OLS generates spurious
regression 1f variables involved are non stationary.

AET:2007:KB
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Stationary and Nonstationary Series

A given time series b/t } is stationary when mean and variance are constant
or independent of time.

E ()/ t) = H constant mean
5)

_ 2
\4 l’(y l‘) =0 constant variance
COV(y y Yy /_ S) = COV()/ { Y {4+ S) =) ¢ time independent covariance

Time series Y [ is non-stationary if the mean and variance is not constant or
is changing over time.

Many economic variables such as GDP, GDP components, inflation,
exchange rates, labour force evolve over time. It is important to check
whether these series are stationary or non stationary before any econometric
estimation because estimation using non-stationary variables may generate a

spurious relationship: reported to have relationship when there is no
rORItKOASHED. 52
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Unit Root Test and
Cointegration, VAR

Avoiding Spurious Regression
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Stationary Time Series

Viis stationary when

mean 1s constant E(y [ ) —H

and

var(y, ) =
variance 1s constant : t

or independent of time.
Covariance 1s time independent

COV(ytyt—sj:Cov(ytymsj:ys

AET:2007:KB
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Non-Stationarity and Test for Unit Roots

 Estimates from non-

Many economic variables stationary variable may
are non-stationary. They generate a spurious
include: regression unless they are
GDP its components cointegrated.
C,ILM, T,G, X « Dicky-Fuller and Augmentec
Inflation and Dicky Fuller tests for unit
exchange rates root.
Labour force and  Hypotheses
unemployment rate Null: Unit root exists
Money supply and Alternative:

iInterest rates
Are non-stationary.

Unit root does not exist

AET:2007:KB 95



Four ways of checking stationarity

e Partial autocorrelation function and Ljung and Box
statistics

e Unit Root Test: Dicky-Fuller Test
e Cointegration Test

e Test for Error Correction
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Partial autocorrelation function and Ljung and Box statistics

pS _ cov(yt/ytﬂj _ s
var(y; | 70

where J q~ Z(yt _J_/jz(wyﬁ_s _)7) 4 0 Z(sz_ fj

Use Ljung and Box statistics to test whether all IO are
equal to zero

~2

_ @ p
0=T+2)y 72

AeTdoisstatistic has a X 7 distribution.

Y



Unit Root and Non-stationarity

Like autocorrelated errors consider a stochastic autoregressive
AR(1) series:

yl‘:pyt—l_l_vl‘ (4)

Here 1 < o <1. 1t is a unit-root process if © = 1 Then (4)
becomes a random walk .V { =Y r—1 TV

Application of OLS 1n this may generate a spurious regression,
with a high R” and very low Durbin-Watson statistics (R">d).
To see how (4) 1s non stationary , let us assume that
~ N [O sz
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Dicky-Fuller and Augmented Dicky-Fuller Tests

Null hypotheses:
Ay f = (1 —p ))/ r—1 T Vt : There 1s unit root and tim«
Random Walk: series 1n non-stationary
Ay, — Ty K=0 =» (1-¥)=0
V=7 t—1 't Alternative hypothesis:
Random Walk with a drift (intercept):  There is no unit root and
Ay f = o 0 + Wt 1 +V y time series 1S stationary

. K<0 = (1-¥)<0 = ¥<I
Trend stationary process

Ay, U

Augmented Dicky Fuller Test

m
Ay, :a0+a1t+7yt_1+i§lal.Ayt_i +V
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JIit ROOT 1 €51 O Dallarlia I e 1irst dirrerence in 10gs
Y, =pY,  +e

rodcam L1: ADF tests (T=39, Constant; 5%=-2.94 1%=-3.61)

)-lag t-adf betaY 1 sigma t-DY lag t-prob  AIC F-prob

2 -3181*  0.099137 0.04863 -1.807 0.0794 -5.950

[ -6.235%* -0.26798 0.05013  2.123 0.0407 -5.912 0.0794
0 -6.060** 0.0077992 0.05246 -5.846 0.0266

rodch L1: ADF tests (T=39, Constant; 3%=-2.94 1%=-3.61)
)-lag t-adf betaY 1 sigma t-DY lag t-prob  AIC F-prob
2 -3.564%  0.33520 0.08494 0.2420 0.8102 -4.835
I -4.104%* 035912 0.08382 0.7727 0.4447 -4.884 0.8102
0 -4.420%* 042529 0.08336 -4.919 0.7282

APY@BRER® L1: production in Cambodia in the first difference

60



Unit Root Tests of Unemployment Rate

Unit root exists in the level of unemployment rate

URT: ADF tests (T=373, Constant; 5%=-2.87 1%=-3.45)

D-lag t-adf betaY_1 sigma t-DY lag t-prob AlIC F-prob
3 -1.143 0.99595 0.1969 -0.4586 0.6468 -3.237

2 -1.165 0.99588 0.1967 -0.9016 0.3679 -3.242 0.6468
1 -1.209 0.99573 0.1966 6.955 0.0000 -3.245 0.6005
0 -0.9868 0.99630 0.2088 -3.127 0.0000

There is no unit root in the first difference
DURT: ADF tests (T=372, Constant; 5%=-2.87 1%=-3.45)

D-lag t-adf betaY_1 sigma t-DY _lag t-prob AIC F-prob
3 -7.625" 0.40441 0.1948 -3.144 0.0018 -3.258

2 -1017* 0.28958 0.1971 0.4874 0.6263 -3.237 0.0018
1 -11.59*" 0.30717 0.1969 0.9270 0.3545 -3.242 0.0068
0 -13.52** 0.33903 0.1969 -3.245 0.0125

Output from the PcGive
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How to make a Non-Stationary Series to a Stationary Series?

* Logs

* ratios

 First difference

* Second difference

* Third or higher order difference
» Cointegration

* Error Correction
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Unit Root Test for RPII

RPI: ADF tests (T=373, Constant; 5%=-2.87 1%=-3.45)

-lag t-adf betaY_ 1 sigma t-DY_lag t-prob AIC F-prob
3 -2.175 0.98866 0.5856 0.8751 0.3821 -1.057

2 -2.089 0.98918 0.5854  3.513 0.0005 -1.060 0.3821
1 -1.729 0.99095 0.5943 10.04 0.0000 -1.033 0.0016
) -0.9820 0.99422 0.6695 -0.7971 0.0000

RPI. ADF tests (T=372, Constant; 5%=-2.87 1%=-3.45)

-lag t-adf betaY_ 1 sigma t-DY_lag t-prob AIC F-prob
-6.943* 0.56614 0.5882 -8.517e¢ -005 0.9999 -1.048
2 -7.458" 0.56614 0.5874 -0.6487 0.5170 -1.054 0.9999
1 -8.435"™ 0.55099 0.5869 -3.297 0.0011 -1.058 0.8108
) -11.73" 0.45967 0.5947 -1.034 0.0112
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Cointegration, ARCH (p), GARCH(p,q) and
Vector Autoregressive Models

Importance of Error Terms in Regressions
Estimation, Impulse Response Analysis
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Co-integration
If two economic variables have long-run equilibrium
relationship linear combination of these variables may be
stationary even if the individual series may be non

stationary. These two variables are said to be co-integrated
to each other.

Suppose y, 1s consumption and X, is disposable income.

etht—,Bl—,Bth

Even if y, and X, are I(1) et is 1(0).
e =0 +re,  +v,

If y 1s zero then series €1is stationary and Y { and X, are

I\E}L‘OOTKB 65



Engle-Granger Approach to Co-integration

Y, = ,6’1+,82X t+e,

R A
gy, o Xt I(1) but et (0)
e, =aytre i+

Y = )0 ——  Cointegration

AET:2007:KB 66



Long-Run Multiplier in ARDL(1,1)

Y, =p,+ P Y, + X, + b, X, +é,

~ N(0.])

v, =7 X=X, =X

4

—_ﬂ2Y:ﬂ1 +:B3)?+:84)?

S

AET:2007:KB
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Adjustment towards the long run in ARDL(1,1)

Yt _Yt—l — :81 "’ﬂzyt—l _Yt—l "‘:Bth _183Xt—1 +:83Xt—1 + /B4Xt—1 + &,

AY, =B+ (B, =1V, + B (X, - X, )+ (B + B.)X,, +¢,

B (B +B) }
AY, = 2 -1 Yt—l o o Xt—l 3AXt t
t (IB ){ (1_132) (1_182) +IB ne

Deviation from the long-term trend:

{Y” - s ) (53_;’3);(“}

(182 _ 1) Adjustment to the long run.
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Error Correction Model

Ayt =a +a2(Yt —,81 —,BthjJrvt

The term 1n the parenthesis 1s the error term and the
coefficient a, governs the speed of adjustment towards

long-run equilibrium.
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Structure of a VAR Model

P P r
=Gt Zalljyl,t—j T..T Zalnjyn,t—j + Zblljxl,t—j .. T Zblmj‘xm,t—j
J=1 J=1 J=1

P P r
Yoi = o T Zanljyl,z—j Tt Zannjyn,t—j T Zblljxl,t—j Tt Zblmjxm,t—j
j=1 j=1 j=1

Simple Example
YV, =ay TanYy,, Tapy,,» t bx,, +b,x,_, +e,

X

f =y T Ay Yy TAynYy, 0t bzlxl,t—l +b,x, , te,

AET:2007:KB

nt
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HTNPUISE RESPOTNSEe AlNAlysIs I a vAR VIOUCH

|:yt:| :{an di, }{)ﬁm}_l_{bn by, :||:xltl:|+|:elt:|
Xy Ay Ay || Va2 by, by || x,_, €y

V-1

|:yt:| B {an a, b, b12} Va2 N |:elt }
X a, aypby, b, | X, €y,
X2

Y=([-A)'BX+(I-4)"'U

X=(-B)'ay+(I-B)'U

AET:2007{K
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- - -~ -~

Roots of A matrix are called characteristic roots or eigenvalues of A. Corresponding

4 2 to each solution of A, there is a characteristic vector x, called latent or eigenvector. A
4= {2 J simple example from the matrix of order two.
4 2 |t o |[4-4) 2
o 0
) i Understanding this is
(4=AN1=4)-4=4-2- 44+ X ~4=F -52=0 Crucial for cointegration test

tworoots 4, =5 A, =0

Eigenvector corresponding to roots A =5 should satisfy:

N M

“ ; ? (1f 5)}[2} ) m > [;j: j jj: } i m Tam

. . . qe . .. . . 2 2
Normalisation or Euclidian distance condition implies x; +x; =1

(2x2)2+x22:1 xfz% xzzi% andwhenx2=% X, %

X
The Eigenvector correspondingto 4, =5 is { 1} =

=

AET:2007:KB



Derivation of Eigen Values and Eigen Vectors

4 2| x 0| [4x +2x, 0 o
For 4, =0 = = X, = —2X, (— 2xl) +Xx; =
2 1| x, 0 2x, + x, 0

1

2
{xl}: V5 Orthogonal matrix XITXZ:LIE —\%} \IE :%-%:O
T

X _i
5

If two eigenvectors are put side by side as
2 1 2 12 1

X = \/g \/g XTX: \/g \/g \/g \/g — 10
1 2 b2 1 2 0 1
V55 V50 55 s
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Specification of Vector Autoregression Model

Y, =AY_ +e&

{

Y vector of variables
{ interest rate,
output gap

inflation gap

&

{ normally and identically distributed random error t¢
AY, = (Al _])Yt—l T &

IM=(4,-1)
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Decomposition of Long and Short Run Responses

I I Long run response

[1=af'
a Dynamic process of adjustment

Long run Steady State Relation

AET:2007:KB
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Trace and Max Test for Cointegration Rank

/Itmce(r) =T anln(l — /il)

I=r+1

A =-T ln(l — /irﬂ)

max(r,r+l)

ﬂ/, Eigenvalues of the characteristic matrix
l

rank Trace test [ Prob] Max test [ Prob] Trace test (T-nm) Max test (T-nm)
0 56.86[0.000]** 34.38[0.000]**  55.43[0.000]** 33.52[0.000]**
1 22.48[0.003]** 12.68[0.087] 21.91[0.004]** 12.36 [0.097]
2 9.80 [0.002]** 9.80 [0.002]** 9.55 [0.002]**  9.55[0.002]**
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Technical Aspects of Eigen-Values and Eigen-Vectors
Finding to Root of Coefficient Matrix

Take 4 matrix.
Min X'AX sub to X'X L=X'AX-X'X-I]

§—§=2AX—21X:0 AX =X =0 (A-A)X =0

|41 =0

4= a,; dy, da,;

d;; d3, 43

a, d, a3 1 00 (al,l - ﬂ') a, a;
‘A = /1]‘ =|a,, Gy, ay5— A0 1 0= a, (az,z - /1) a, 5
a;; d3, Q33 0 0 1 as as, <a3,3 -1

This determinant is cubic in A and has three solutions.

Numerical Example:

4 2 2
A=|2 1 1
AET:2007:KB |3 _4 4 77



Finding Roots

4 2 20 |1t oo |[4-2) 2 2
4-a1l=2 1 1-20 1 0= 2 (1-2) 1 |=0
3 -4 4 [0 0 1 3 -4 (4-2)
1-2) 1 2 1 2 (1-4)
(4_’1){ —4 (4—/1)_23 (4—1)|+23 —4
4-2)1-A)4-2)+4(4-1)-4(4-21)+6-16-6(1-1)=(4-Af(1-21)-6(1- 1

(1-A)|4-2F —6]-10=(1-A)16-81+ 2 —6]-10

16 -84+ 2 —6-164+8F - +64|-10=-F +9F ~184 =—F +91-18 =0
A +31+61-18=0 =-A(1-3)+6(1-3)=0

=(z 3(6-4)=0

A=3 4=-6 A4 =0
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There are three Characteristic vectors for these three roots; for 4, =0

4 2 27x
X, =12 1 1]|x

13 -4 4| x
for 4, =3

(4-3) 2
X,=| 2 (1-3)

3 —4
A, =6

((4+6) 2
X,=| 2 (1+96)

3 —4

. . .« q. . . . . 2 2 2
In each case Normalisation or Euclidian distance condition implies x; + x; + x; =1

AET:2007:KB

Conditions for Getting Eigen Vectors

0
=10
_O_
2 _xl
1 X,
(4 - 3)_ | X3
2 | x
1 X,
(4 + 6)_ B2

79



Eigen Vector 1 For A matrix

For 4, =0

2x,+x,+x,=0

3x,—4x, +4x, =0 or

8x, +4x,+4x, =0 (1)
3x,—4x,+4x, =0 (2)
Eliminating x2 11x, +8x;, =0 x, = —%)g

Putting the value of x1 in (3)
3x, —4x, +4x; = 3(—%)%) —4x,+4x;, =0

11

From (3) and (4) _Exl =—x, X =

24
[——x3j—4x2 +4x, =0 %)@ =4x, x,=

11
X3 _§x1
5

11

Now using the normalisation x; +x; +x; = 1

, (5
X+ ——=x | +|——x
8 8

4210

, 64

X =— X
210

o

X3 =

AET:2007:KB

8

jord

then x, = ——

11

X =—— =-
g 8 V210 /210

I+ —+——

8

Characteristic vector: (x, x, x;)= (

25 121) . 2(64+25+121

X

64
5 8 5

X =

8 5 11

—_— _ — a
84210 /210

64

J210 210 210

J

nd

-1

Similar characteristic vector can be found for roots 4, =3 and A, =-6.

80



Application of VAR Analysis

C=dli i)
Ve =Yy, =dli, —i,, T &4

T, =7, +C(yt—1 _yt—1)+g2,t

I =1, +a(yt -y, )+ b(ﬂ't —TT, )+ &,

Stationarity of variables in the model
ADF tests (T=116, Constant; 5%=-2.89 1%=-3.49)

Interest rate | Difference of | Output gap Inflation gap
Interest rate
Coefficient -2.723 -6.463™* -6.160™* -7.428™*
Lags 2 2 3 1

AET:2007:KB
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Prediction from Cointegrating VAR Model
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1.0

|\'— TBILLS (TBILLS eqn)

Impulse Response Analysis

0.5+

0.0 i ‘ \
0 50 100
i\;t% TBILLS (outgap eqn)]

0.0, S—1 ‘
0 50 100

00 [~ TBILLS (inflagap eqn)|

-0.1+

-0.2
\ w ‘ :

100

AET:92007:KB S0

1.0

0.5

0.0 -

|
100

100

0.15

0.10

0.05

0.00

1.0

0.5

0.0 -

;‘jﬂr inflagap (TBILLS eqn)‘

‘ 1 1 ‘
0 50 100

5‘7 inflagap (outgap eqn)‘

! ‘ ‘ !
0 50 100

|| inflagap (inflagap eqn)|

83



Cumulative Impulse Response Analysis

[ /cum TBILLS (TBILLS egn)]
75‘l
5.0
2.5H
\ | !
0 50 100
, [~ @mTBILLS (outgap eqn)
L
I w | |
0 50 100
O I cum TBILLS Grfogap oo
2F
_4}
\ L ‘ :
AET:3007:KB 3¢ 100

0 7\\7 cum outgap (TBILLS eqn)\
-1+
2F
3k
\ \ \
0 50 100
2.0 Jﬂﬁ cum outgap (outgap eqn)‘
15|
7\ | | |
0 50 100
0.0 .
:\\7 cum outgap (inflagap eqn)\
-0.5 -
-1.0 -
\ \ \
0 50 100

—‘ — c;ﬁl inflagap (TBILLS eqn)i
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0 50 100

| — cum inflagap (inflagap eqn)|
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Steps for Granger Causality Test

)oes increase in money supply increase GDP or an increase
1 money supply increase GDP?

n n
Y, = Zath—i T Z/Bth—j TU,
i=1 j=1

M, = Z;/zth_i + Z;ajz_ Sy,
1= Jj=

AET:2007:KB 85



Four possible cases for Granger Causality

1. Uni-directional causality from money and GDP
n n
ZO(Z. =0 251' =0
l. ;
2. Uni-directional causality from GDP tp money
n
2,4 =0 V5 %0
; Z I 7
i
3. Bilateral causality

iaﬂ:o i5i¢0

3. Independence from each other

AET:2007:KB Zn:ai =0 Zn: 51' = ()
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Steps for Granger Causality Test

* Regress GDP to all lagged GDP and other
variables but not to the lagged money terms
and get error some square of the restricted
model

* Include lags for GDP as well as money and
get the unrestricted residual sum square

_ (RSS, = RSS;)/m
) RSSp /(n - k)

H, : Z a. =0 No causality

AET:2007:KB
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nalysis of Volatility using ARCH(p)

2 _ 2 2 2 2
' TQ) TR G, TR, TAE , T T RS,

Analysis of Volatility using GARCH(p,q)

2 2 2 2 2 2 2 2 2
=yt tanE L, tasE g+ po. | +o,0 ,+P,0 +..+ %Gt_q
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Trend, Seasonality and Random Components
of Stock Price and Forecasts

‘ —— F-Stocks Forecast‘

0000

0000 NUTTIIAY
AW VYTV VAT
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$ ‘ —— F-Stocks

F-Trend_Stocks ‘ A
0000 /

0000
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0000

L ‘ —— F-Seas_ Stocks _ | \ ‘» ‘»“ " ‘a‘ " “\ ‘r ‘a‘
i ‘ I\ = Y M W) I\ | I\ | Wi
N N AN A AN AN Al al e Al
0 A A A A A A A A AL LA ,ﬂ\i“‘ﬁ\/““ at \“'/‘H“‘/UH H A “
-V VATV VN AT UV VAUV VAUV VAV /A ‘\
\| |/ [ w V / \ A ‘
f I R [ I (R A | R A | I I
L » | | H \“ | i H ‘\‘ I| |
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rrediction from a GARCH odel

‘ — Stocks Fitted ,‘\
|
I
N ’ I
b M
I H
STIS a
| ’ i) H\‘\‘ ‘f v
it \ N \“ I
| \u“‘ |\ \V‘w
Wl ‘\
i ~ \V‘“
o ’
o M """v"‘ ) | | | | | | |
1980 1990 2000
~ Density B
‘ r:Stocks N(s=l.12)‘
— 7T\
/|

AET-20atmpsource: Navidata

5.0 [

0.0 -

2.5

1.0

r:Stocks (scaled) ‘

2.5

! \ ! !
1980 1990 2000

I — ACF-r:Stocks

P ACF-r:Stocks ‘

0.5

90



Confidence Interval for Forecast of Stock Prices
from a GARCH Model

Stocks ‘

Forecasts

500000

100000

300000

2004 2005
4.5¢9
| CondVar Forecasts
4e9 -
3.5¢9 -
3e9 -
2.5e9
| | | | | | | | | | | | |

2004 2005
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State-Space Model and Kalman Filter

Y =T +C, Income series is decomposed in trend and cycles.

IL=T,+g.+y,

a

=y, C +w,C _,+v,

t

g, =gc+Ag,  +w

Here the measurement equation can be put as

1,

C
=110 o]

Ct—l

L &
Tl (L0 0 1T | [O0] [u
Ct+1 — O l//l l//z O Ct + O + Vt+1
C 01 0 of|C,| |0 0
_gt+1_ _O O 0 ﬂ'__ gt a _gC_ _Wt+1_

In terms of the state space model
Measurement equation: Y, = HE + AX, + 4,

Transition equation: &,,, = FE +BX,,, +v,,

AET:2007:KB
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State-Space Model and Kalman Filter

1 0 0 1
0 v v, 0 '
H=[11 0 0 F= A=0 B=1 =0 wu = v 0 w
[ ] 01 O O /uz 1,_ (tt t)
0 0 0 2
o> 0 0 1]
0 o2 0 0
Q:
0 1 0 0
0 0 0 o

(see Harvey’s Time Series Models and also Chatper 7 of Wang (2003) Financial Econometrics,
Routledge)
This model can be estimated using the STAMP.

Variable  Coefficient R.m.s.e. t-value

Lvl 4.0928e+005 13705. 29.864 [ 0.0000]
Slp 1074.5 739.27 1.4535 [ 0.1469]
Cy3 1 -2056.5 12528.

Cy3 2 36.425 14759.

Sea 1 -6624.9 4908.1 -1.3498 [ 0.1779]
Sea 2 -1928.7 4947.0  -0.38988 [ 0.6969]
Sea 3 10023. 4023.8 2.4909 [0.0132]
Sea 4 9006.1 4056.2 2.2203 [ 0.0270]
Sea 5 -25443, 3760.5 -6.7659 [ 0.0000]
Sea 6 -1753.8 3788.0  -0.46299 [ 0.6436]
Sea 7 -1212.4 3645.3  -0.33259 [ 0.7396]
Sea 8 -12152. 3670.5 -3.3106 [ 0.0010]
Sea 9 10984, 3591.4 3.0584 [ 0.0024]
Sea 10 9769.1 3617.2 2.7007 [ 0.0072]
Sea 11 -14643. 3013.8 -4.8589 [ 0.0000]
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Markov Chain and Its Use In
Economic Modelling

Markov process

Transition matrix

Convergence

Likelihood function

Expected values and Policy Decision

AET:2007:KB
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A stochastic process {xt } has the Markov process if for all
k>2 andallt

Prob(x /x,)

A Markov process is characterised by three elements:

[X,,X, | ysX, )= prob(x

r+1 r+1

[) anN dimensional vector x eR’ of all possible values of the state of the system
2) atNxNtransition matrix P, that shows possibility of moving from one state.
to another

3) 7, the probability of being in each state 1 at time ().
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A typical Transition matrix

o o

Ty Ty

i | a1 T
K22

N
Z”i,j =1
j

AET:2007:KB

96



Chapman-Kolmogorov Equations
7,,; =Pr ob(xo = )?l.)
= Prob(x,,, = X;[x, = x,)

n

Zn:Pr ob(tz =X, /x,, =X, )Pf ob(x,, =X,/x, =x,) :Z P,P,, =F,
h=1 h

Prob(x =)_cj/xt :xl.):Pl.f‘}

+k

T, = prob(xl): 7, P
7, = prob(x,)=m,P’

m, = prob(x, )= m,P*
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Likelihood Function for a Markov Chain

L=Pr Ob(xi,T R AR ERAT % PITN SR P xi,O)

-P_.P_. P, .P.x,

AR U J R U W AT S
n. .
L=x, TITP"
2 el' ] 9]

Two uses of likelihood function

to study alternative histories of a Markov Chain

to estimate the parameter 9
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Convergence of Markov Process with Finite States

H:FM 1/4} HQ{S/S 3/8} . {9/16 7/16}

1/4 3/4 3/8 5/8 116 916

. /2 12
. [17/32 1532 hmn”{ }
{15/32 17/32} o 1212

‘Markov Process Converges when each element of the of the transition matri
pproaches to a limit like this.

{.Xt } Process is stationary in this example.

Reference: Stokey and Lucas (page 321)
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ecurrent or absorbing State or Transient State in a Markov Chai

S1 1s the recurrent state whenever the process

o, )

leaves, re-enters 1n 1t and stays there forever.

It is transient when it does not return to S1 when it leaves it.

-y y/2 y/2]
m= 0 12 12
0 12 12

Here S1 is the recurrent state whenever the process leaves, re-enters in it.
S2 and S3 are transient.
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LOriverging dria INOrn-coriverging ocqucrliCcs

(1-r) 6,/2 6,/2]
im" = 0 12 12
" 02 12|

y (0.1)

B 3/4 1/4
. {1/4 3/4}

(1/2 1/2 0 0|
/2 172 0 0

0 0 1/2 1/2
AET:2007:KBO 0 1/2 1/2

5, =1-(1-y)'

(0 1/2 1/2]
limI1" =0 12 12
o 2 2

0 II,] [T, 0
nm, of| | o0 TIIII,

3/4 1/4 0 0

/4 3/4 0 0
o 0 3/4 1/4
0 0 1/4 3/4

Odd_ ]
0 0 1/2 1/2

0 0 1/2 1/2
/2 1/2 0 0
1/2 1/2 0 0 101
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One Example of Markov Chain Stochastic life cycle optimisation model
(preliminary version of Bhattarai and Perroni)

e 1)

1
U =lcre . Wiz [ Wii,z+4,., e

t,z t,z t+l,z t+l,z+d,
Wt+1,Z + Wt+1,Z+d, Wt+1,Z + Wt+1,Z+dt

Et,Z +V.I/I/t,Z — Ct,z +I/t,z

l+o,

l+o,

Vo

VVZ+IZ+d _W +V
WT,Z — _VT

Probability of recurrent state JT Prob of Transient state (1 — )

o Z

If transient T
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Impact of Risk Aversion and Ambiguity in Expected Wealth with Markov Process

Expected nonhuman wealth with increasing risk aversion (1-3)

SC1 SC2  SC3  SC4 SCS
T2 0872 0914 0956 099  1.032
T3 1580 1.654 1727 1.796  1.862
T4 1960 2053 2144 2230 2312
5 1659 1740 1819 1.894  1.965

Expected nonhuman wealth with increasing ambiguity (0.2-0.8)
SCI  SC2 SC3 SC4 SCS

T2 0.872 0906 0938 0968  0.995

T3 1580 1.646 1.709 1.768  1.825

T4 1960 2.050 2135 2216  2.293

TS 1.659 1.742 1820 1.895 1.967

AET:2007:KB 103



Markov Decision problem (refer Ross (137)).

Let there be a sequence of action ¢, , q,,...., qa,
corresponding to states i=12.....,n and the reward for
this be given be R(i,a). Policy makers problem with
the Markov process 1s:

Max Z Zﬂ-i,aR(i? a)

Subject to
1. 7;, 20 foralliand a.

2. Y, =1
3. Zn:ﬂj,a :Zzﬂj,api,j(a)
aeT@dptaanal policy 1s g, (a)=

*
ﬂi,a

Nt
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UsSe Ol VidalrkOV CUllalrl 1n arialysis Ol DUOpOly
Sargent and Ljungqvist (133)

Ri,t =Py _O'Sd(yi,Hl —Vis )2
p, =4, _Al(yl,m +y2t)

2
Ri,t — Aoyi,t o Alyiz,t o Alyi,t+1yj,t o O'Sd(yi,t+1 o yi,t)

Vi (yi,t sV i ) = max {Ri,t + B, (yi,t+l >V j 41 )}

Yit+1

Vil = fj(yi,t9yj,t)

Markov perfect equilibrium is the pair of

value functions and a pair of policy functions for i=1,2
that satisfies the above Bellman equation.

Equilibrium is computed by backward induction and

he optlmlsmg behaviours of firms by iterating forward for all

AET:2007:KB
conceivable future states.
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Other Application of Markov Process

* Regime -Switch analysis in economic time series
(Hamilton pp. 677-699; Harvey (285))

 Industry investment under uncertainty (SL chap 10)

« Stochastic dynamic programming (SL chapter 8,9)

« Weak and strong convergence analysis (SLChap 11-13)
* Arrow Securities (Ljungqgvist and Sargent Chapter 7).
 Life cycle consumption and saving: An example

* Precautionary saving
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Markov Chain Example in GAMS

*retirel.gms
$title model with Knightian uncertainty

scalar pi transition probability /0.33/
mu cond probability of ambiguous state /0/
beta pure rate of time preference /0.02/
r interest rate /0.05/
rho relative risk aversion /4.0/
eh high earnings /2.0/
el low earnings /0.5/;

option iterlim = 1000000000;
option reslim = 1000000000;

set t /t1*t5/

z /sl1*s16/;
alias(t,tt);
alias(z,zz);

* card(z) = 2**(card(t)-1)

beta = (1+beta)**(50/card(t))-1;

r = (1+r)**(50/card(1))-1;

parameter
act(t,z) a tree generator
d() remaining states
1(z2) odd number generator
nlst(t) non-last period
prob(t,z) probability of occurence
weight(t,z) weight with ambiguity
e(t,z) earnings
trans(t,z) transition index
sex(t) discount factor

;ct(t,z) = round(ord(z) - trunc(ord(z)/(card(z)/(2**(ord(t)-1))))*card(z)/(2**(ord(t)-1)
act(t,z) = 1$((act(t,z) eq 1) or (ord(t) eq card (1)));
t = round(2**(card(t)-ord(t))) ;
%(E))F:ZOQT d(ord(z)- trunc(ord(z)/2)*2); 108
nlst(t) = 1$%(ord(t) ne card(t));



e("tl "’"Sl ") — eh;
loop((t,z)$(act(t,z) and nlst(t)),

e(t+1,z) = ¢h;
e(tt1l,z+d(t+1)) =el;
);

Markov Chain Example in GAMS

trans(t,z) = 0;
trans("t1","s1") = 0;
loop((t,z)$(act(t,z) and nlst(t)),

trans(t+1,z) = 1%(e(t+1,2) ne e(t,z));
trans(t+1,z+d(t+1)) = 1$(e(t+1,z+d(t+1)) ne e(t,z));
);

prob("t1","s1") = 1;
loop((t,z)$(act(t,z) and nlst(t)),
prob(t+1,z) = prob(t,z)*( (1-pi+pi/2)$(trans(t+1,z) eq 0)
+(pi/2)  S$(trans(t+1,z) eq 1)
);
prob(t+1,z+d(t+1)) = prob(t,z)*( (1-pi+pi/2)$(trans(t+1,z+d(t+1)) eq 0)
+(pi/2)  S$(trans(t+1,z+d(t+1)) eq 1)
);
);
weight("t1","s1") = 1;
loop((t,z)$(act(t,z) and nlst(t)),
weight(t+1,z) = weight(t,z)*( (  (1-pi+(1-mu)*pi/2) $(trans(t+1,z) eq 0)
+(1-(1-pi+(1-mu)*pi/2))$(trans(t+1,z) eq 1)
)$(e(t,z) eq eh)
+((1-(1-mu)*pi/2)  $(trans(t+1,z) eq 0)
+( (1-mu)*pi/2)  $(trans(t+1,z) eq 1)
)$(e(t,z) eq el)
);
weight(t+1,z+d(t+1)) = weight(t,z)*( (  (1-pi+(1-mu)*pi/2) $(trans(t+1,z+d(t+1)) eq 0)
+(1-(1-pi+(1-mu)*pi/2))$(trans(t+1,z+d(t+1)) eq 1)
)$(e(t,z) eq eh)
+( (1-(1-mu)*pi/2) $(trans(t+1,z+d(t+1)) eq 0)
+( (1-mu)*pi/2) $(trans(t+1,z+d(t+1)) eq 1)
)$(e(t,2) eq el)
AET:2007:KB ); 109
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Markov Chain Example in GAMS: Model Equations
defu(t,z)$act(t,z)..

u(t,z) =e= (( c(t,z)**(1/(1+sex(t)))
* ((( weight(t+1,2) /(weight(t+1,z)+weight(t+1,z+d(t+1)))
*u(t+1,z) ** (1-rho)
+weight(t+1,z+d(t+1))/(weight(t+1,z)+weight(t+1,z+d(t+1)))
*u(t+1,z+d(t+1)) ** (1-rho)
) ** (1/(1-rho))
)$(ho ne 1)
+

( u(tt+l,z) **(weight(t+1,2) /(weight(t+1,z)+weight(t+1,z+d(t+1))))
*

u(t+1,z+d(t+1))**(weight(t+1,z+d(t+1))/(weight(t+1,z)+weight(t+1,z+d(t+1))))
)$(rho eq 1)
) FEF(sex(t)/(1+sex(t)))
)$nlst(t)
+c(t,2)$(nlst(t) eq 0)
)$(insure eq 0)
+ (C c(t,2)**(1/(1+sex(1)))
* (weight(t+1,z) /(weight(t+1,z)+weight(t+1,z+d(t+1)))

*u(t+1,z)
+weight(t+1,z+d(t+1))/(weight(t+1,z)+weight(t+1,z+d(t+1)))
*u(t+1,z+d(t+1))
)**(sex(t)/(1+sex(t)))
)$nlst(t)
+c(t,2)$(nlst(t) eq 0)
)$(insure eq 1);
defe(t,z)$act(t,z)..
c(t,z) + v(t,z) =e= e(t,z)+ w(t,z)*r;
defwl(t,z)$(act(t,z) and nlst(t)).. . .
;(t 1.7) — e W(t.2) + V(L.Z): variables equations
u(t,z) defu(t,z)
defwn(t,z)$(act(t,z) and nlst(t)).. c(t,z) defc(t,z)
w(tt+1l,z+d(t+1)) =e= w(t,z) + v(t,2); V(t,Z) derVl(t,Z)
defwt(t,z)$(act(t,z) and (nlst(t) eq 0)).. w(t,z) defwn(t,z)
w(t,z) =e—=-v(t,2); obj; defwt(t,z)
: dobj;
dob_J..
AET:2007:KBe= uC"tl™ "s1"); 110
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Calculation of Weight Among Various States

loop(cases,
mu = 0;
weight("t1","s1") =1;
loop((t,z)$(act(t,z) and nlst(t)),
weight(t+1,z) = weight(t,z)*((  (1-pi+(1-mu)*pi/2) $(trans(t+1,z) eq 0)
H(1-(1-pi+(1-mu)*pi/2))$(trans(t+1,z) eq 1)
)$(e(t,z) eq eh)
H (1-(1-mu)*pi/2)  $(trans(t+1,z) eq 0)
H (1-mu)*pi/2)  $(trans(t+1,z) eq 1)
)$(e(t,z) eq el)
);
weight(t+1,z+d(t+1)) = weight(t,z)*( ( (1-pi+(1-mu)*pi/2) $(trans(t+1,z+d(t+1)) eq 0)
H(1-(1-pi+(1-mu)*pi/2))$(trans(t+1,z+d(t+1)) eq 1)
)3(e(t,z) eq eh)
H (1-(1-mu)*pi/2)  $(trans(t+1,z+d(t+1)) eq 0)
H (1-mu)*pi/2)  $(trans(t+1,z+d(t+1)) eq 1)
)$(e(t,z) eq el)
);
)
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Bank of England Rate, Monthly Average Series, 1975-2006

——monthly_r




({=]
o
(=)
N
3
N
S
2
(3]
('
e
o
-
L
©
D
=]
D
L




c
®©
Q
@®
-
£
(%3]
2
fus
)]
()
Qo
©
x
-
(%3]
o
o
£
>
e
=
S

m
<
—
G
o
—_
<
<
aa)

AETOEWRES




Convergence of Interest Rate in EU economies
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LIBOR in Janan and the US
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Juestion: Is there any systematic 11ink between
output and inflation gaps and the interest rate?
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DOocCS Lnanges 11 tne 1Imierest remove riuctuations i output/
Quarterly Trend Growth Rate in the UK:1970:2-2000:1
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Interest rate, intiation, Growin rnate, unemployment and
Exchange Rate 1n the UK 1970:2-2000:1
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Growth Rate of Output in Germany, France, Japan, UK and the T
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Main Points on Interest Determination Rule

Higher interest rate is contractionary. Effect of interest rate
In output is felt after some lag.

Higher level of output puts pressure in the price level.
Increase in the output at the current period may raise the
rate of inflation in the next period (Aggregate supply curve)

Interest should be raised when the economy is overheating
output is above the trend to reduce the inflationary
pressure.

It should be raised also when the rate of inflation is above
the target inflation to reduce aggregate demand.

Interest rate should be lowered in recession.
Interest rates should be determined based on economic

Aer-Jaeks but not according to whims of the policy makers. .,
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Three Equations of the Interest

Determination Rule: Taylor Rule
yt—yt*z—d(it_l—i;"_lj d>0 (1)

where i, and z are actual and natural level of output, i, is

the actual rate of interest 1n period ¢, [ is the interest target
of the monetary authority.

One period lag is assumed between the interest rate
decision and the change in the output.

* *
Ty =1 +C(yt—1_yt—1] c>0 (2)

and 7

where 7 ;k are actual and target inflation rates.

t

K

AET20(f7T(Lgf +a[yt—y;k]+b£7zt—7r;j a>0;6>0 (3)
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Reduced Form Equation of the Interest Determination

Model
.k . * \_ped i *
i, =i, —ad(z 17! t—lj_ ca(z o t—2j
' +adi . +bedi =i, +adi ,+bedi 4
ip+adi,  +bedi, =i, +adi,_ +bcdi_, (4)
=[i +adi  +bcdi .|, and  =ad and 3, =bcd
O—(zt +adi,_, +bc zt_zj,an ,Bl—a an ,82— cd.
Reduced form: i, + ,Bli qt ,821' (= 'BO ()
eady State: I :it+1 :it+2 ==l
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Natural rate of Interest: Steady State

l +adz 1+bcdzt_2

1+,6’1+,6’2 ’

Natural Rate of Interest: i =

+adz +bcdz

4 —1 0 . .
1Tad+bed with flexible targets and

i;k +aa’z;!< Jrlo(:cz’l;x<
l1+ad+bced

N.l

N,l

with fixed targets (6)
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General Solution of the Interest Rule Model

e and It A B4,
; .

[ _
/11_ 2 2
— [ !
i, = Alﬂl + A2/12 +i (7)
4 4
=B B4, B —PE-4By |
=4 3 +4, 5 +i (8)

I = 5

t
[ad+\/ +4bcd} 2{ad—\/(ad)2+4bch 47 (9)
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Convergence or Divergence from the Steady
State

Reduced form:

i +'Bllt—1 +'821t—2 =0 (10)
(a) real and distinct root 1f ,812 —4f,>0
(b) real and equal roots case 1f ,812 —4/3, =0

(c) complex roots case 1f ,812—4,6’2<O. The general

solutions of the model in these three different cases
are :

. l‘ t v
i —A111+A2/12+z (11)
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Specification of Vector Autoregression Model

Y, =AY_ +e&

{

Y vector of variables
{ interest rate,
output gap

inflation gap

&

{ normally and identically distributed random error t¢
AY, = (Al _])Yt—l T &

IM=(4,-1)
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Application of VAR Analysis

C=dli i)
Ve =Yy, =dli, —i,, T &4

T, =7, +C(yt—1 _yt—1)+g2,t

I =1, +a(yt -y, )+ b(ﬂ't —TT, )+ &,

Stationarity of variables in the model
ADF tests (T=116, Constant; 5%=-2.89 1%=-3.49)

Interest rate | Difference of | Output gap Inflation gap
Interest rate
Coefficient -2.723 -6.463™* -6.160™* -7.428™*
Lags 2 2 3 1

AET:2007:KB
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Decomposition of Long and Short Run Responses

I I Long run response

[1=af'
a Dynamic process of adjustment

Long run Steady State Relation
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[l =afb’

-0.03654 -0.12011 0.18569 |
IT=[0.02982 -0.24185 -0.08453
-0.09433 -0.07224 -0.53655 |

(0.01810 0.09100 0.01089
o =10.01667 -0.00346 -0.00208
1-0.00793 -0.20723 0.00692

11.0000 0.19498 -6.6460 |
£ =|-13.850 1.0000 3.6355
-4.3680 2.7897 1.0000
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Trace and Max Test for Cointegration Rank

/Itmce(r) =T anln(l — /il)

I=r+1

A =-T ln(l — /irﬂ)

max(r,r+l)

ﬂ/, Eigenvalues of the characteristic matrix
l

rank Trace test [ Prob] Max test [ Prob] Trace test (T-nm) Max test (T-nm)
0 56.86[0.000]** 34.38[0.000]**  55.43[0.000]** 33.52[0.000]**
1 22.48[0.003]** 12.68[0.087] 21.91[0.004]** 12.36 [0.097]
2 9.80 [0.002]** 9.80 [0.002]** 9.55 [0.002]**  9.55[0.002]**
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Prediction from Cointegrating VAR Model

s ]—TBILLS —\Fitted| 10 [ outgap Fitted|
L 5=
0 ot mwm O
o W W
1970 1980 1590‘ o ‘2600‘ 1970 1980 1990 ‘2600‘
10 [ inflaiap Fitted] | [— vectorl]
5| \\ N 50 -
| i Pl o o A
0 %\J va \/ﬂ\w 7~ =" 0 /\U VAV/W\V v
-5+
1970 | ‘1580‘ 1590‘ ‘2600‘ 1970 ‘1580‘ ‘1590‘ ‘2600‘
20— 125
100 |-
0 75 -
20 - W 50 -
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1.0

|\'— TBILLS (TBILLS eqn)

Impulse Response Analysis

0.5+

0.0 i ‘ \
0 50 100
i\;t% TBILLS (outgap eqn)]

0.0, S—1 ‘
0 50 100

00 [~ TBILLS (inflagap eqn)|

-0.1+

-0.2
\ w ‘ :

100
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Cumulative Impulse Response Analysis

[ /cum TBILLS (TBILLS egn)]
75‘l
5.0
2.5H
\ | !
0 50 100
, [~ @mTBILLS (outgap eqn)
L
I w | |
0 50 100
O I cum TBILLS Grfogap oo
2F
_4}
\ L ‘ :
AET:3007:KB 3¢ 100

0 7\\7 cum outgap (TBILLS eqn)\
-1+
2F
3k
\ \ \
0 50 100
2.0 Jﬂﬁ cum outgap (outgap eqn)‘
15|
7\ | | |
0 50 100
0.0 .
:\\7 cum outgap (inflagap eqn)\
-0.5 -
-1.0 -
\ \ \
0 50 100

—‘ — c;ﬁl inflagap (TBILLS eqn)i

0 50 100
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0 50 100

| — cum inflagap (inflagap eqn)|
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Dynamic Forecasts of Interest rate, output-gap and inflation gap

i ‘7 Forecasts —— TBILLS‘ o _
10 -

5 X&j T

1999 2000 2001 2002

5.0

| ‘7 Forecasts —— outgap T
25+ J/
0.0

1999 2000 2001 2002

- ‘7 Forecasts —— inflagap - _ - - -

1999 2000 2001 2002
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GiveWin PcGive): The estimation sample 1s: 1971 (1) to 2000 (1)

Equation for: TBILLS
Coefficient Std.Error t-value t-prob

TBILLS 1 0.938558 0.04090 22.9 0.000
GGDP _1 0.155536 0.05605 2.77 0.006
CINF 1 0.0321303 0.02456 1.31 0.193

Constant U -0.0178904 0.4473 -0.0400 0.968
sigma = 1.2475
Equation for: GGDP
Coefficient Std.Error t-value t-prob

TBILLS 1 -0.124014 0.04638 -2.67 0.009
GGDP 1 0.689260 0.06356 10.8 0.000
CINF 1 -0.0269151 0.02785 -0.966 0.336

Constant U  2.09479 0.5073 4.13 0.000
sigma = 1.41472
Equation for: CINF
Coefficient Std.Error t-value t-prob

TBILLS 1 0.0793641 0.04335 1.83 0.070
GGDP _1 0.133732 0.05941 2.25 0.026
CINF 1 0.979589 0.02603 37.6 0.000

Constant U -0.936789 0.4741 -1.98 0.051
sigma = 1.32217
log-likelihood -586.063862 -T/2log|Omega| -88.0164366
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Actual and Fitted Values for Interest Rate, Output and Inflation for U]

r:TBILLS (scaled)|

\ —— TBILLS — fﬁ,;teg\ \

P
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[— GGDP —— Fitted >0 ' [— rGGDP (scaled)|
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Test of Interest Determination Rule for Five Major Economies

Output gap Inflation gap Constant R?

France -6.641 0.670 5.900 0.766
(-14.778) (1.341) (1.341)

Germany -10.732 4.335 5.339 0.752
(-15.187) (4.953) (11.898)

Japan -6.775 -1.794 -1.312 0.641
(-6.554) (-7.061) (-3.487)

UK -2.941 1.006 7.416 0.574
(-5.885) (2.848) (10.203)

USA -1.794 0.360 5.337 0.696
(-7.061) (0.408) (18.955)
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cstimaltes o1 tne Simultancous INterest Rule modacl 10r UK
and Four Major Industrial Economies

rus = + 0.2507*infus + 0.04032*infjp - 0.1736*infgr - 0.1627*inffr

(SE) (0.103) (0.102) (0.0767) (0.0489)
- 0.1207*infuk - 0.1136%*gus - 0.1429*gjp - 0.004963*ggr
(0.0421) (0.0518) (0.049) (0.0831)
- 0.07644*gfr - 0.08878*guk + 3.946
(0.0798) (0.065) (0.316)
rjp = - 0.9612*infus + 0.2619*infjp + 1.541*infgr - 0.341 1 *inffr
(SE) 0.278) (0.276) (0.207) (0.132)
+ 0.1209*infuk - 0.01156*gus + 0.1172%*gjp + 0.2549*gor
(0.114) 0.14) (0.132) 0.224)

- 0.5457*gfr + 0.468*guk - 3.367
(0.215) (0.175) (0.85)

rgr = + 0.2813*infus - 0.05551*infjp + 1.517*infgr - 0.8322*inffr

(SE) (0.34) (0.337) (0.252) (0.161)
- 0.3356*infuk - 0.1166*gus - 0.2131*gjp - 0.1541*ggr
(0.139) (0.17) (0.161) (0.274)

- 0.4911%*gfr + 0.1629*guk + 5.319
(0.263) (0.214) (1.04)

rfr = - 0.8201*infus + 0.1866*infjp + 1.228*infgr - 0.1101 *inffr
(SE) (0.261) (0.258) (0.194) (0.123)
- 0.09884*infuk + 0.009484*gus + 0.2115*gjp - 0.06226*ggr
(0.106) (0.131) (0.124) 0.21)

- 0.3603*gfr + 0.2028*guk + 2.111
(0.201) (0.164) (0.796)

ruk = - 1.394*infus + 0.6449*infjp + 0.8495%*infgr - 0.3876%*inffr
(SE) (0.405) (0.401) (0.301) (0.192)
_ +§7%51*infuk - 0.4017%*gus + 0.3004*gjp + 0.4134%ggr - 0.1568*gfr
AET:209 7B, (0.203) (0.192) (0.326) (0.313)
+ 0.2822*cuk + 1.89

148



Actual ana predaictea values o1 Imterest kate 1or UK
and Four Major Industrial Country
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Main Points of this Paper

Origin of the interest determination rule in the literature of the natural rate of
unemployment hypothesis, dynamic time inconsistency and credibility and policy
co-ordination at the national and international level.

The prominence of the central bank independence and rule based monetary policy
in 1990s.

A simple model for interest determination and found its analytical solution using
the second order difference technique.

Estimation of the model using quarterly series on treasury bills rate, growth rate
of output and inflation rates for the UK and annual time series for UK and four

major economies.

An evidence for such a interest rule and the interest changes to have significant
impacts on output, unemployment and inflation in our estimation.

The simultaneous equation technique better than the single equation technique.
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