
Development of TN Quadrature Sets and HEART Solution Method
for Calculating Radiative Heat Transfer

C. P. Thurgood1, H. A. Decker1, E. W. Grandmaison1

A. Pollard2, P. Rubini1'2, A. Sobiesiak1'2 ,

'Department of Chemical Engineering
2Department of Mechanical Engineering
Queen's University, Kingston, Ontario.

Abstract: - The accuracy of the Discrete Ordinate Method
is improved for non-scattering radiant heat transfer in infinite
ducts. This is accomplished by using a new family of quadrature
sets (designated as T// ) that can be extended to an indefinite
number of rays. Second, the equation of transfer is solved using
a new scheme called HEART. Using the same grid, the HEART
scheme is capable of greater accuracy than a solution technique
based on central differencing.

Introduction

In many industrial furnaces, the dominant mode of heat transfer
is thermal radiation. The procedure to compute radiant heat
transfer forms an important module of the models of these fur-
naces. The purpose of the module is to generate the radiative
heat flux in the gas and on surfaces given the temperature field.
The procedure usually employs a grey-gas mixture model to
predict gas emission. The procedure needs to be accurate yet
economical in execution time and computer memory. It should
be applicable for arrange of/absorption co-efficients and capable
of handling irregular furnace geometry. It should also be able
to handle obstructions within the furnace.

Assuming a gas fired furnace, the following common assump-
tions are made to simplify the computational task without sig-
nificant loss of accuracy:

1. scattering is negligible

2. the surfaces of the furnace can be approximated as a grey
Lambert surfaces

3. gas emmission is modelled using a grey gas mixture

These assumptions lead to the following set of equations that
permit the calculation of the radiant heat transfer for a typical
component of the grey gas mixture. The equation of transfer
for a grey gas:

Vq = (3)

— + — + (
and the boundary condition:

« - KI (1)

(2)

for n • Jl > 0
The radiant heat flux at a point in the gas is calculated from:

© 1991 by Elsevier Science Publishing Co., Inc.
Experimental Heat Transfer, Fluid Mechanics, and Thermodynamics 1991
J.F. Keffer, R.K. Shah, and E.N. Gamci Editors

In the above equations, n, is ah inward normal at the surface,
fi represents an incoming or outgoing direction at the surface
and dJl is a differential solid angle. ,fho blackbody intensity (Ij)
of the gas and surface is given by <tT4/jr.

The direction cosines (jtt,T/,?) in the equation of transfer (1)
determine the direction ft of travel' of tho ray. They assume any
value between -1 to +1 subject to tho condition;

/*2-fV+f =1 ^j" W
Many existing procedures are not suitable for the computa-

tional task at hand. The ZONE method (Hottel and Sarofim,
(1967)) is not attractive since largo grids would require along

execution time to compute exchange areas for an irregularly
shaped enclosure and matrix inversion, Tho Spherical Harmonic
method is not suitable as the optical depth of the control vol-
ume must be >0.5, Viskanta and Monguc, (1987). The flux
methods are too inaccurate, Siddall and Solcuk (1979), Selcuk
(1985, 1988), and Lockwood and Shah (1978). Raithby and
Chui (1989) presented a new method that looks promising but
needs further testing. - . - • . - ; > ; : - <,.

The Discrete Ordinate Method (DOM) hae recently been in-
vestigated by Fiveland (1984, 1988), Ilydo and Truelove (1977),
Truelove (1987, 1988), and Jamajuddln and Smith (1988) and
shown to yield adequate" accuracy in comparison to benchmark
calculations for a wide range of 'absorption coefficients.

There are however a number of deficiencies in DOM that
need to be overcome to increase its accuracy, The solution tech-
nique of Fiveland (1984, 1988), and Hydo and Truelove (1977)
uses central differencing to oktrapbiate' the intensity across a
control volume. As a result, tho Solution technique can :

1. generate non-physical oscillations in the intensity field,
Fiveland (1988) , '- ^

2. produce negative intensities on the face of a control
volume

Fiveland (1988) sqts, negative surface intensities to zero and
carries on with the calculation, This yields a computation-
ally efficient algorithm thai gives good results. Other schemes
are available for dealing with negative intensities (Hyde and
Truelpve (1977), jamaluddin and Smith (1988)) that are more
computationally demanding yet do not yield clearly superior re-
sults. The combination of central differencing and "set-negative-
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intensities-to-zero" is herein labelled as Fiveland's scheme.
The last limitation of DOM is that there are only three

quadrature sets, denoted by S4) Se, and Ss (Fiveland, (1988)
and Truelove, (1987)), recommended for practical computation.
This limits the accuracy of the method and hinders tests for
grid independence.

This paper describes a new algorithm for solving the equa-
tion of transfer, equation (1). The Heuristic Embedding Algo-
rithm for Ray Tracing, or HEART scheme, will be presented for
two dimensional infinite duct radiation. The HEART scheme
is coupled with a new family of quadrature sets that can be
extended to indefinite number of rays. Designated as TAT > the
quadrature sets satisfy the symmetry requirements developed by
Lathrop and Carlson (1968) to avoid bias in numerical results
induced by the labelling of the co-ordinate axes.

First, the HEART scheme is presented and then compared
to Fiveland's scheme using a standard test problem. The deriva-
tion of the T;v quadrature sets is then reviewed. The last sec-
tion compares numerical results from the the HEART scheme
and TN quadrature sets with benchmark calculations for two
dimensional infinite duct radiation problems.

Review of Discrete Ordinates Method

The angular integrals appearing in the boundary condition (2)
and formula for the heat flux in the gas (3) are estimated by
numerical quadrature. The boundary condition becomes:

= «/6,.ur/o« + ~

while the formula for the heat flux in the gas reads:

(5)

_ («)
where w,- is the weight coresponding to the direction fl,-.

In two dimensional Cartesian geometry, a direction fl; has the
direction cosines (/i;,»?i) which satisfy the inequality:

^ + V?<1 (7)
The equation of transfer is solved in the directions specified by
the quadrature set. In two dimensional geometry, it reads:

dl VT vr

"**•*" (8)

Fiveland (1984, 1988) and Truelove (1977) present solution
techniques for the equation of transfer based upon upwind or
central differencing.

Description of HEART Scheme

The HEART scheme is based upon multi-grid techniques com-
bined with ray tracing to solve the equation of transfer. It
will bo assumed that the coarse grid is rectangular but other-
wise arbitrary, Each coarse control volume is subdivided with
(, ftno grl3| :Tho intensity field is computed on the fine grid and

/ftire assembled to form a representative value for the
on the coarse grid. The fine grid consists of a

l "channels". The direction,of the channels is
tithe direction of travel of the intensity field. Figure

toa & typical coarse control volume overlaid with a

fine grid viewed in the XY plane. Note that the fine grid need
not be uniform.

Figure 1. Coarse Control Volume Overlaid
with Fine Control Volumes

North Face

O 0 '" C

Wesl
Face

Figure 2. Typical Cha
of the Fine Grid

'leal Channel

To illustrate the derivation of the equations for HEART,
consider a typical fine control volume as shown in figure 2. De-
note the lengths of the sides of the quadrilateral ABCD by !„,,
In, Wer ̂  bower- Integration of (8) over a fine control volume
and application of Gauss' Theorem yields:

(9)

(10)

nln = Kh^,A - KIPA

The area A of the quadrilateral is:

Geometry yields:

lw ~ 'upper

In = (//ower - /UM*r)c0s(<6) (12)

Equations (10), (11) and (12) are substituted into Eqn. (9)
along with the relations:

H = sin(0)cos(<j>)

7? = sin(6)ain(<t>)

After some manipulation,

where

(13)

(14)
(15)

(16)

(17)
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The distance t is the distance along the ray that connects
the midpoints of the sides AB and CD of the quadrilateral. The
distance (t sin0) is the length of the projection of the ray on the
XY plane.

In order to compute Ip, an additional relationship is re-
quired. This additional relationship is obtained from the an-
alytic solution to the equation of transfer. Along the direction
of travel, the solution to the equation of transfer is:

•f
where s is the co-ordinate along the ray and IQ is the intensity
at s = 0. We may consider that Iw and In are located at the
respective midpoints of their face. Application of the above
formula yields:

(19)

Substitution into (16) yields the following explicit formula for
calculating Ip:

(20)

Given Iw , equations (19) and (20) allow /„ and 7P to be
computed explicitly. Similar formula can be derived for other
quadrilaterals. The formulae can be summarized as:

'•leaving = ^entering*' T -*6tjaa(l ~
*-Kt\

= 'cnleringi.
_ e-Kt _ e-Ki

(21)

-} (22)Kt - ' ' "*«^ ^ Kt

where the distance t is given in Table 1 and depends on the
combination of the entering and leaving face.

Entering face
West
West
South
South

Leaving face
North
East

North
East

Distance t
Equation (17)

a./fi
b/7?

Equation (17)
Table 1: Effective path lengths for computing leaving
and average intensity for quadrilaterals; a,b: see Fig.

1.

For the channels that are triangular in shape (eg. triangle
OAD, figure 2), the above formulae are correct if lupper (or l/ou,er
depending on the location) is set to zero.

The volume averaged intensity for the coarse control volume
is obtained by noting:

A T — I Trl A — T.i- I JJ A — y , • T ,• A .•sicoarae+coarsc — I lun. — <^/me / *WA — ^'/ine-1pt/ine'1/ine
Jcoarae J

(23)
This leads to:

T — yv "-fine fQA}
*p,coarac — 'J*p,/ine * \^V

"coorje

The volume averaged intensity for the coarse control volume
is the area weighted summation of the fine grid intensity divided
by the area of the coarse control volume.

The final step in the solution technique is mapping the leav-
ing intensity from a coarse control volume to the entering inten-
sity for an adjacent control volume. The difficulty is that the
leaving faces of the channels do not coincide with the entering

faces of the channels of the adjacent control volumes. The en-
tering intensities will be computed by ensuring that the flux of
radiant energy entering a channel is equal to the flux of radiant
energy impinging upon it from the leaving faces of the channels
of the adjacent control volume. This leads immediately to:

lenteringlcntcring = "•'/eavi'nj'over/appinp (25)
where the summation applies to the leaving surfaces that have
sqme portion of their area overlapping the area of the entering
surface.

The generation of the intensity field for the coarse grid fol-
lows the same sequence of steps as in Fiveland's (1988) scheme.
Assume that the direction cosines, /t and ij, are both positive.
The boundary intensities on the west and south boundaries of
the computational domain become the entering intensities for
coarse control volumes adjacent to the boundaries. The enter-
ing intensities for,the channels within a coarse control volume
are all equal. The leaving intensities and average channel inten-
sity are computed using equations (21) and (22). The average
intensity for the coarse control volume is calculated using (24).
The, entering intensities for the adjacent (north and east) con-
trol volumes are computed from the leaving intensities using
equation (25). The coarse grid intensity field is generated by
a point by point computation with all quantities being explic-
itly calculated. At the north and east boundaries, an average
surface intensity is computed as the summation of the length
weighted leaving intensities divided by the length of the face of
the coarse control volume. The average surface intensity is used
in the boundary equation (2).

Inspection of equations (21) and (20) shows that the pro-
posed scheme ensures that the leaving and nodal intensity is
always non-negative and bounded. Equation (21) also guaran-
tees that the intensity field is non-oscillatory.

The HEART scheme is more.computationaldemanding then
central differencing due to the need to calculate an exponential
for each channel and interpolate.to find entering intensities from
the leaving intensities. In this work, uniform coarse grids will
be used. The interpolation factors and co-efficient in equations
(21), (20), (23) and (24) are stored to eliminate repetitive
computation.

The fine control volumes, for this work, are obtained by di-
viding the west and south faces of the coarse control volumes
into equal segments. The subdivision is indicated in the no-
tation, for example, 2+4. This indicates that the west face is
subdivided into two equal segments, while the south face is sub-
divided into four equal segments.

The HEART scheme has some similarities to the step char-
acteristic method (Lathrop (1969), Larsen (1982)) as the sur-
face of a control volume is subdivided into segments. In the
step characteristic method, the intensities on the segments are
combined to form an average intensity applicable over the en-
tire face. This average intensity is transmitted to the adjacent
control volume. In contrast, the HEART scheme transmits the
intensities on the segments to the adjacent control volume. The
HEART scheme tracks the variation of the intensity over the
face of a control volume leading to increased accuracy.

Comparison of HEART Scheme and Fiveland's Scheme

The two schemes are compared on the following test problem:
a square duct contains a grey gas with a uniform emittance of,
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one. The emittance of the west and south walls are respectively
1 and 0. The intensity field is computed for rays that travel at
some angle (0) with respect to the south boundary.

The ray through the origin divides the square into two re-
gions. Above this ray, the intensity field is one as the gas is in
equilibrium with the west wall. Below the ray, the intensity field
starts at zero at the south wall and increases to one according
to the formula: 1 - exp(—Kt), where t is the distance along the
ray.

Along the ray starting at the origin, there is a discontinuity
in the intensity field. The magnitude of the discontinuity de-
creases for non-zero absorption co-efficient but it persists for the
case of zero absorption coefficient. The intensity at the origin
is defined to be one-half, the average of the surface intensity on
either side of the discontinuity.

In order to quantify the comparison of the two methods, the
average absolute deviation (or global error) is computed for each
scheme for varied grid and angle. It is computed by summing
the absolute difference between the numerical intensity and the
exact point intensity over all control volumes and dividing by
the number of control volumes.

Figure 3 presents the average absolute deviation for Five-
land's scheme as a function of varied directions and grid refine-
ments. The error is zero for angles of 0, 90 and 45 degrees.
The zero error occurs at angles of 0 and 90 degrees since the
problem reduces to the one-dimensional transport of a constant
radiation field where central differencing gives exact results.

The zero error at 45 degrees occurs since the discontinuity
falls onto the diagonal of the control volume. The extrapolation
from west to east and south to north is symmetrical and yields
a nodal value of one-half, one for the north face and zero for
the east face. As the exact intensity is defined to be one-half,
the numerical error is zero. Since the intensity on the north
face is precisely one, oscillations above the discontinuity are
suppressed. This yields an intensity field of one everywhere
above the discontinuity. Similarly, the zero intensity on the east
face ensures that the intensity field is zero everywhere below the
discontinuity. The global error is then zero.

• X

•

*,..
N

0 10 20 30 40 50 60 70 80 90
ANCLE (DEGREES)

FIGURE 3. GLOBAL ERROR (SINGLE PRECISION) VERSUS ANGLE
FOR FIVELANO'S SCHEME. ABSORPTION CO-EFFICIENT • 0.

• 25 X 25 GRID; a 50 X SO GRID: • 100 X 100 GRID:
A 500 X 500 GRID: • 1000 X 1000 GRID.

The global error for angles between 45 and 90 degrees is
substantially less then that for angles less then 45 degrees. The
region above the discontinuity is reduced in size so that the
numerical error generated by the oscillations is reduced.

Figures 4 and 5 present the global error for the HEART
scheme for zero absorption co-efficient using 1+1 and 5+5 chan-
nels. Both curves show zero error' at 0, 45 and 90 degrees.
The zero error at these angles occurs because the interpolation
between adjacent control volume faces is exact (i.e. there is
no mismatch between entering and leaving channels adjacent
coarse control volumes) and the interpolation (20) is exact for
zero absorption co-efficient.

6 10 20 30 40 SO 60 70 80 90
ANGLE (DEGREES)

FIGURE 4. GLOBAL ERROR (SINGLE PRECISION) VERSUS ANGLE
FOR HEART SCHEME. 1 + 1. ABSORPTION CO-EFFICIENT . 0
• 25 X 25 GRID: * 50 X 50 CRIO: • 100 X 100 GRID:

A 500 X 500 GRID: • 750 X 750 GRID.

10 20 30 40 ~ 50 60 70 80 90
ANGLE (DEGREES)

FIGURE 5. GLOBAL ERROR (SINGLE PRECISION) VERSUS ANGLE
FOR HEART SCHEME. 5+5. ABSORPTION CO-EFFICIENT - 0
« 25 X 25 GRID; « 50 X 50 GRIO: • 100X 100 GRIO:

A 500 X 500 GRIO: • 750 X 750 GRIO.
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The global error using 5+5 channels has a smaller varia-
tion and a maximum from 40 to 50 degrees. This maximum is
due to the mismatch between entering and leaving faces of the
channels.

Comparison of the two sets of figures shows that the HEART
scheme yields a global error that can only be reached using
Fiveland's method on a large grid. For example, the global error
for HEART on a 25 X 25 grid using 5+5 channels is equivalent to
Fiveland's scheme on a 500 X 500 grid. The error for Fiveland's
method on a 1000 X 1000 grid can be reached using the HEART
scheme on a 50 X 50 grid using 5+5 channels."

The advantage of HEART is that it can yield a global error
on a coarse grid that can only be matched by central differencing
using very large grids. It is non-oscillatory and guarantees non-
negative intensities.

The TN Quadrature Sets

The TN quadrature sets are the two-dimensional equivalent of
the rectangle rule used in one-dimensional integration. The sur-
face of the unit sphere is is subdivided into non-overlapping
regions. A ray is associated with each region and falls within
the solid angle defined by the region. The intensity along the
ray is considered representative of the region. Angular integrals
are estimated as the sum over all regions of the product of the
intensity and the area of the region.

In the Tff quadrature sets, the subdivision of the unit sphere
satisfies the rotation/reflection symmetries detailed by Lathrop
and Carlson (1968). These symmetries must be respected so
that the estimates of angular integrals are independent of the
labelling of the co-ordinate axes. If the symmetries are not
respected, then it is impossible to distinguish between numerical
error and the bias induced by labelling of co-ordinate axes.

The derivation of the T/y quadrature set is accomplished in
three steps. First, the octant is projected onto the equilateral
triangle defined by the three points (1,0,0), (0,1,0) and (0,0,1).
This equilateral triangle is called the basal triangle. The basal
triangle is then tessellated with smaller equilateral triangles.
This results in the basal triangle being covered with N2 smaller
equilateral triangles, where N = 1,2,3, .... The length of a side
of a smaller triangle is 1/N the length of a side of the basal tri-
angle. The ray associated with each triangle is defined to pass
through the centroid of the triangle. The final step is the pro-
jection of the assembly of vertices and centroids onto the surface
of the unit sphere. This yields the subdivision of the octant and
the direction associated with each region. The weight used in
the quadrature set is the area of the region. The total number
of rays over the unit sphere is 8N2 or N2 per octant.

The projection used to map the octant onto the basal tri-
angle is accomplished in two steps. A point on the sphere is
connected to the origin by a line. The intersection of the line
with the basal triangle defines the projected point on the basal
triangle.

Comparison to Benchmark Calculations.

Two problems are used to benchmark the numerical calcula-
tions. The first problem is a rectangle enclosure containing a
hot gas which has an emittance of one. The walls of the enclo-
sure are grey and assumed to have zero emittance. The heat
flux to the wall is presented graphically by Raithby and Chui

(1989) and Thynell and Lin (1989). The second problem is a
rectangular enclosure with one hot wall that has an emittance
of one. The remaining walls have zero emittance. All walls are
black. The grey gas is in radiative equilibrium'with the hot wall.
There are four quantities available for comparison: heat flux to
the top (hot), side, bottom walls and the source along the ver-
tical centreline. These are tabulated in Crosbie and Schrenker
(1984).

Figure 6 shows the predicted and exact heat flux to the wall
for the first problem using Fiveland's method and the standard
quadrature sets. The computation was carried out on a 31 X

0.0 O.I 0.2 0.3 0.4 0.!
DISTANCE (X/L)

FIGURE 6. HEAT FLUX IN A 1 X I DUCT WITH UNIFORM CAS
TEMPERATURE. COMPUTED USING F/VELANO'S SCHEME ON

A 31 X 31 GRID, K • 0.1, AND VARIED QUADRATURE.
—— EXACT. RAITHBY & CHUI (1989). FIG. 6 .

• S.; i S, ; • S, .

).0 O.I 0.2 0,3 0.4 0.!
DISTANCE (X/L)

FIGURE 7. HEAT FLUX IN A I X I DUCT WITH UNIFORM GAS
TEMPERATURE. COMPUTED USING HEART SCHEME. 5+5 ON

A 31 X 31 GRID. K - 0.1. AND VARIED OUAORATURE.
—— EXACT, RAITHBV & CHUI (1969). FIG. 8 .

' T, ; i T. .
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31 grid with an absorption co-efficient of 0.1; using a 241 X 241
grid caused only minor changes to the numerical results. The
numerical solution progressively diverges from the exact solution
in the region from 0.35 to 0.50 as the order of the quadrature is
increased.

Figure 7 shows the same calculation using HEART with T3
and Te quadrature sets. The computation was carried out on a
31 X 31 coarse grid with 5+5 channels. Satisfactory agreement
is achieved between exact and numerical solution. Decreasing
the number of channels (to 1+1) yielded the same numerical
solution.

Figures 8(a) to 8(d) compare numerical results to benchmark
(exact) calculations for the second problem using Ss quadrature
and Fiveland's metKbd using a 31 X 31 grid. The combination
fails to predict the bottom heat flux and there are discrepancies
in the prediction of heat flux to the side and top wall. The
source on the vertical centreline is poorly predicted.

Next, the HEART scheme is used to compute the intensity
field. The grid is kept fixed at 31 X 31 control volumes and a
HEART, 5+5 scheme is used with the Sg quadrature set. Only
the heat flux to the bottom surface is presented in figure 9. Only
a marginal improvement is seen.

0.0 O.I 0.40.2 0.3
DISTANCE (X/L)

FIGURE 80. CAS IN RAD1AWE EQUILIBRIUM IN A 1 X 1 DUCT.
HEAr FLUX FROM THE TOP (HOT) SURFACE. K - I .

—— EXACT. CROSBIE & SCHRENKER (1984). TABLE 4 .
• FIVELANO'S SCHEME, 31 X 31 CRIO AND S, .
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0.0 0.1 0.40.2 0.3
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FIGURE 8b. GAS IN RADIATIVE EQUILIBRIUM IN A I X 1 OUCT.
HEAT FLUX TO THE BOTTOM (COLD) SURFACE. K • 1 .

—— EXACT. CROSBIE & SCHRENKER (1984). TABLE 4 .
• FIVELANO'S SCHEME. 3 1 X 3 1 CRIO ANO S. .

0.5

0,6

0,4

0,3

0.0 0.1 0.2 0.3 0.4 0.9 0.6 0.7 0.8 0.9 1.0
DISTANCE (Y/H)

FIGURE 8(t. GAS IN RADIATIVE EQUILIBRIUM IN A I X 1 OUCT.
SOURCE ON THE VERTICAL CEN1ERUNE. K • I .
-—— EXACT. CROSBIE & SCHRENKER (1984), TAOLE 4 .

• FIVELAND'S SCHEME. 31 X 31 GRID AND S, .
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The second attempt at improvement reverts to using Five-
land's scheme with the T6 quadrature sets. A 31 X 31 grid
is used. Better agreement between benchmark and numerical is
obtained for the bottom heat flux (figure 10) using a Te quadra-
ture set.

Figures ll(a) to ll(d) compare numerical and benchmark
results for the HEART, 5+5 scheme on a 31 X 31 coarse grid
with Te quadrature. Satisfactory agreement is obtained be-
tween numerical and benchmark calculations for the heat flux
to the top and side wall and for the source.^along the verti-
cal centreline. The predicted heat flux to the bottom wall is
in adequate agreement with benchmark results. Comparison to
Fiveland's scheme and Te quadrature shows that use of HEART
secures much better agreement between benchmark and numer-
ical results for all quantities.
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FIGURE 110. GAS IN RADIAWC EQUILIBRIUM IN A I X I DUCT.
HEAT FLUX FROM THE TOP (HOT) SURFACE. K " I .

—— EXACT. CROSBIE * SCHRENKER (IB84), TABLE 4 .
• HEART SCHEME. S+S, 31 X 31 GRID AND T, .
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FIGURE 8. GAS IN RADIATIVE EQUILIBRIUM IN A 1 X 1 DUCT.
HEAT FLUX TO THE BOTTOM (COLD) SURFACE. K - 1 .
—— EXACT, CROS6IE 4 SCHRENKER (1984). TABLE 4 .

• HEART SCHEME, 5*5. 31 X 31 GRID AND S, .
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FIGURE lib. GAS IN RADIATIVE EQUILIBRIUM IN A I X I DUCT.
HEAT FLUX TO THE BOTTOM (COID) SURFACE. K • 1 .

—— EXACT, CROSBIE & SCHRENKER (1(84), TABLE 4 .
• HEART SCHEME, 5+5, 3 1 X 3 1 OHIO AND T, .
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FIGURE 10. CAS IN RADIATIVE EQUILIBRIUM IN A 1 X 1 DUCT.
HEAT FLUX TO THE BOTTOM (COLD) SURFACE. K . I .
—— EXACT. CROSBIE 4 SCHRENKER (1884), TABLE 4 .

• FTVELAND'S SCHEME, 31 X 31 GRID AND T, .
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FIGURE I Ic. GAS IN RADIATIVE EQUILIBRIUM IN A I X I DUCT.
HEAT FLUX TO THE SIDE (COLD) SURFACE. K = 1 .

— -̂ EXACT. CROSBIE 4: SCHRENKER (1984), TABLE 4 .
• HEART SCHEME, 5+5, 31 X 31 GRID AND T$ .
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FIGURE lid. GAS IN RADIATIVE EQUILIBRIUM IN A 1 X 1 DUCT.
SOURCE ON THE VERTICAL CENTERUNE. K » 1 .
—— EXACT. CROSBIE tc SCHRENKER (1984). TABLE 4 .

• HEART SCHEME. 5t5. 31 X 31 GRID AND T .

Conclusion

Comparison of the HEART scheme and Fiveland's method for
solving the equation of transfer showed:

1. the HEART yields non-oscillatory intensity field

2. the intensity is non-negative

3. central differencing requires a large grid to yield an ac-
curate solution to the equation of transfer. The HEART
scheme can yield an accurate solution on a smaller grid.

A new family of quadrature sets (T# ) is presented that can
be extended to indefinite number of directions.

The combination of HEART and TN quadrature provides
numerical results that are superior to the common solution tech-
nique of central differencing and Sn quadrature.
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